5 Homomorphisms

Recognizing the maps that preserve a mathematical structure is as
essential as defining the objects themselves. Many constructions
are most naturally expressed and unified when viewed in terms of
objects and the structure-preserving maps between them.

5.0 Ring homomorphisms

Which maps preserve ring structures? To be compatible with ring
structures, a function must marry the addition and multiplication
operations, as well as the additive and multiplicative identities, in
the source and target rings. The definition requires the following.

5.0.0 Definition. Let R and S be rings. A map ¢: R = S is a ring
homomorphism if, for all a, b € R, we have

p(a+b)=¢p(a)+ o), @lab)=g¢p(a)p), and @(g)=1;.

A homomorphism from a ring R to itself is an endomorphism.

5.0.1 Problem. Show that conjugation is an endomorphism of the
field C of complex numbers.

Solution. Forallz =a+ bi,w =c+di e Cwitha,b,c,d € R, we
have

z+w=@@+c)+(b+d)i=(a+c)—(b+d)i
=(a-bi)+(c—-di)=z+w,

zw = (ac—bd) + (ad + bc)i = (ac — bd) — (ad + bc) i
=(a-bi)c—-di)=zw,

and1=1+0i=1-0i=1. O

5.0.2 Remark. Let R be a commutative ring. For every b € R, the
evaluation map ev,, : R[x] — R described in Definition 4.0.6 is a ring
homomorphism.

Ring homomorphisms automatically preserve the additive iden-
tity, additive inverses, and units.

5.0.3 Proposition. Letg: R — S be a ring homomorphism.

(additive identity) We have ¢(0z) = Og.

(additive inverses) For alla € R, we have ¢(—a) = —¢(a).
(units) Foralla € RX, we have p(a™!) = ¢(a)~.

Proof. The properties of the additive identity and a ring homomor-
phlsm give ¢(0R) = gD(OR + OR) = ¢(0R) + QD(OR) BY addlng the
additive inverse —¢(0z) to both sides, we obtain
0s = ¢(0r) — (0r) = ®(0r) + $(0z) — ¢(0r)
= ¢(0g) + 05 = ¢(Og) -

The properties of additive inverses and a ring homomorphism
give p(—a) + p(a) = ¢(—a + a) = (0) = 0. Thus, the uniqueness
of additive inverses in S shows that p(—a) = —¢(a).

Copyright © 2026, Gregory G. Smith
Last Updated: 2026-10-09

The word “homomorphism” comes
from the Greek prefix homos meaning
‘same’ and the Greek word morphe
meaning ‘form’ or ‘shape’. The term
appeared as early as 1892 and is
attributed to the German
mathematician Felix Klein.

It is common to omit the adjective
‘ring’ when the type of
homomorphism is clear from the
context.

By definition, the conjugate of a
complex number is the number with
an equal real part and an imaginary
part equal in magnitude but opposite
in sign: when z := a + bi where a and
b are real, its conjugate isz := a — bi.

When R is nonzero, the map

R X R[x] = R given by (b, f) = evp(f)
is not a ring homomorphism:

(0,x) + (1,0) = (1, x) maps to

evi(x) = 1, whereas

evy(x) + evy(0) = 0.
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The properties of units and a ring homomorphism give

p@ @) =plaa™)=¢(1)=1 and @@ ") e =1.
The uniqueness of inverses yields ¢(a™') = p(a)~!. O

Ring homomorphisms single out the integers as a special source.

5.0.4 Problem. Let R be aring. Prove that there exists a unique ring
homomorphism from Z to R.

Solution. We treat uniqueness and existence separately.
(uniqueness) Suppose that ¢: Z — R is a ring homomorphism. For
all m € N, we first prove, by induction on m, that

m
p(m)=mlg=1g+1g+ - +1p = > 1.
m times J=1
Proposition 5.0.3 gives ¢(0) = Og, so the base case holds. Assume
that p(m) = m 1. The properties of a ring homomorphism yield
p(m+1) = p(m)+¢@(1) = m1z + 1z = (m+ 1) 1z completing the
induction step. For negative integers, we have
0r = 9(0) = p(m — m) = p(m) + p(-m) = m1g + p(-m),
so p(—m) = —(m1y) = m(—1g) = (—m) 1x. Thus, the only ring
homomorphism from Z to R satisfies m — m 1y for all m € Z.
(existence) Consider the map from Z to R defined by m — m 13 for
all m € Z. The associativity of addition and distributivity in R
imply that (im + n) 1z = m1z + nlg and (mn) 1z = (m1z)(n1g),
so the map defined by m — m 13 is compatible with addition and
multiplication. By definition, we have 1 — 1, 13 = 1. Thus, the
map m — m 1y is a ring homomorphism from Z to R. O

5.0.5 Problem. Let ¢ be a positive integer. Prove that there are no
ring homomorphisms from the quotient Z /(¢) to Z.

Solution. Suppose that: Z/<€> — Z is aring homomorphism. The
definition of a ring homomorphism and Proposition 5.0.3 would im-
ply that ¢([1],) = 1 and ¢([0],) = 0. It would follow that
e e e
¢=2 1= ¢(1],) = §0<2[1]€) = o([¢],) = p([0],) =0,
j=1 j=1 j=1
which is a contradiction. O

5.0.6 Remark. A nonempty subset S of a ring R is a subring if and
only if the inclusion map S — R is a ring homomorphism.

5.0.7 Proposition. For any ring homomorphism ¢ : R — S, the image
@(R) is a subring of S.

Proof. Let c and d be elements in the image @(R). By definition,
there are elements a and b in R such that ¢(a) = ¢ and ¢(b) = d.
Hence, the properties of a ring homomorphism give
c—d=g¢(a)—p(b)=¢p(a-b) and cd=¢(a)pd)=gplab),
so the difference ¢ — d and the product cd are in the image @(R).
As ¢(1z) = 14, the multiplicative identity 14 is also in @(R). Thus,
Proposition 3.1.2 shows that the image ¢(R) is a subring of S. O
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In particular, the identity map is the
unique ring endomorphism of Z.

More generally, there are no ring
homomorphisms from a ring having
positive characteristic to a ring having
characteristic zero.
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5.1 Ideals

What is the most significant substructure of a ring? Special subsets
of aring play an oversized role in the development of ring theory.

5.1.0 Definition. A nonempty subset I of a ring R is a (two-sided)
ideal if, for all f,g € I and allr € R, the elements f + g, 7 f,and f r
all belong to I.

5.1.1 Remark. For every ring R, both R and {03} are ideals. When
ordered by inclusion, the ring itself is the largest ideal whereas the
singleton {0z} is the smallest.

5.1.2 Remark. When R is a commutative ring, a nonempty subset I
is an ideal if and only if, for all f,g € I and all ,s € R, the R-linear
combination r f + s g belongs to I.

5.1.3 Definition. When an element f in aring R satisfiesr f = fr
for every element r € R, its principal ideal is (f) :=={r f € R | r € R}.

5.1.4 Lemma. For every family{I; | j € J} of ideals in a ring R, the

intersection I := ﬂjeg I; is also an ideal of R.

Proof. AsOg € I for all j € J, we have O € I and I # (J. Suppose
that f, g € I. The definition of intersection implies that f, g € I; for
all j € J. Since [ is an ideal of R for all j € g, it follows that, for all
r € R, we obtain f + g € I;, r f € I}, and f r € I;. We conclude that
f+gel,rfel, and fr € I, which shows that I is an ideal. O

5.1.5 Definition. For any subset X of a ring R, there is a unique
smallest ideal (X') containing X; it is called the ideal generated by X.

5.1.6 Problem. In the ring Z of integers, show that (4, 6) = (2).

Solution. Since —1(4) + 6 = 2, it follows that (2) C (4, 6). Conversely,
since both 4 and 6 belong to (2), we have (2) 2 (4,6). We conclude
that (4, 6) = (2) O

5.1.7 Problem. In Z[x], verify that (6, x?) is not a principal ideal.

Solution. Suppose that there exists f € Z[x] such that (f) = (6, x?).
There would exist g,h € Z[x] such that g f = 6 and h f = x%. The
first equation would imply that deg(f) = 0 and the second would
thereby imply that deg(h) = 2. Comparing the coefficients of x? in
the second equation, we would see that f divides 1, so f = 1. This
would give the contradiction (6, x?) = (1) # (6, x?). O

5.1.8 Problem. For all fi, f>, ..., f;» in a commutative ring R, show
that (f, f2, ... s fm) = {’”1f1 +rfot T S | T s m ER}-

Solution. We first show that the given setis anideal. Consider g and

g’ from this set. There exists 7;,¥5, ..., Vs 71, V55 --- s ¥y € R such
thatg=r fi+r o+ - +rpfmandg =rifi+rsfo+--+7¥y fin-
For all s, s’ € R, we see that

sg—8'g =(sr1—51) fi+ (1, =8'1) o+ oo + (ST = 8'13) fim
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In honor of Kummer’s ideal numbers,
Richard Dedekind introduced in 1876
both the concept and the term “ideal”
into number theory.

One-sided ideals (namely left ideals
and right ideals) will not be
considered in this document.

The ideal (XX) is the intersection of all
ideals in R that contain X. In
particular, we have (@) = {Og}.

If there were elements p and q in Z[x]
such that p(6) 4+ g(x?) = 1, then
comparing constant coefficients
would imply that g = 0 and 6 is a unit
in Z which is absurd.
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also belongs to the set, so the set is an ideal.
It remains to show that this ideal is the smallest containing the
given elements. For all ry,r,,...,1,, € R, every ideal containing

fi> f2s -+ » [ also contains (((r1 fitrafo)+rs f3) + .- )+rm fm> SO
any ideal containing these elements contains the given set. O

5.1.9 Problem. Describe all ideals in the ring Z /(6).

Solution. The principal ideals are

<[0]6> = {[0]6}5 <[1]6> = {[0]69 [1]6a cees [5]6} = <[5]6> s
<[3]6> = {[O]Ga [3]6}’ <[2]6> = {[O]Ga [2]61 [4]6} = <[4]6> .

We verify that these are the only ideals. Since every ideal contains
[0]6, there are 2° distinct subsets to consider. Every ideal containing
both [m]s and [m +1]; also contains [1]g = [m=*1], F[m]s and must
be ([1]¢). Any ideal that contains [2]s = [4]s+[4]s or [4]s = [2]6+[2]6
must contain both. Given these constraints, we see that the four
principal ideals are the only ideals in Z / (6). O

The subsequent definition and proposition begin to reveal the
deep relationship between ideals and ring homomorphisms.

5.1.10 Definition. The kernel of a ring homomorphism ¢: R— S'is
the set Ker(¢) :={r € R | ¢(r) = 05}.

5.1.11 Proposition. For every ring homomorphismg: R — S, the kernel
Ker(o) is an ideal of R.

Proof. Suppose that f, g € Ker(¢p). For all r € R, it follows that

p(f+8)=9(f)+9(g=0+0=0,
e(rf) =@ e(f) =9(r)(0)=0, and
e(fr)=p(fer)=(0)e(r) =0,

so the kernel is an ideal. O

5.1.12 Corollary. A ring homomorphism ¢ : R — S is injective if and
only if its kernel Ker(¢) is the zero ideal.

Proof. Suppose that the map g is injective. Proposition 5.0.3 estab-
lishes that ¢(0z) = 0Og. Injectivity ensures that Oy is the only ring
element sent to Og. Thus, we have Ker(¢p) = (Og).

Conversely, suppose that the kernel of ¢ is zero. For all f,g € R,
the properties of a ring homomorphism show that @(f) = @(g) is

equivalent to ¢(f — g) = ¢(f) — ¢(g) = 05. As Ker(p) = (0), we
deduce that f — g = Oz and f = g, so ¢ is injective. O

5.1.13 Corollary. For every ring homomorphism ¢ : R — S, the target
ring S is the zero ring if and only ifKer(¢) = R.

Proof. Since ¢(1z) = 1g, we have Ker(¢) = R if and only if 13 = Og
which is equivalent to S being the zero ring. O
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As this tedious case study reveals, we
need better tools for analyzing the
ideals in a ring.
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5.2 Quotient Rings

Is every ideal the kernel of a ring homomorphism? To answer this
question, we show that ideals are a rich source of new rings.

5.2.0 Definition. Let R be a commutative ring. For each ideal I in
R, the corresponding binary relation on R is defined by a ~; b, for
all a, b € R, if the difference b — a is an element in I.

5.2.1 Remark. When R = Z and I = (¢) for some ¢ € N, we have
m ~; nif and only if m =n mod €.

5.2.2 Proposition. For everyidealI in a commutative ring R, the binary
relation ~; is an equivalence relation.

Proof. Consider a,b,c € R.

(reflexive) Since a —a = 0 and Oy € I, we deduce thata ~; a.

(symmetric) Suppose that a ~; b. Since b—a € I, -1 € R, and
(-1)(b—a)=a—b eI, weseethatb ~;a.

(transitive) Suppose thata ~; band b ~; c. It follows thatb —a € T
andc—bel,so(b—a)+(c—b)=c—a € l. Weseethata~;c. O

5.2.3 Definition. Let I be an ideal in a commutative ring R. For
everya € R, the coseta+1 := {a +r|re I} is the equivalence class
of a with respect to the relation ~;. The set of equivalence classes
in R with respect to the binary relation ~; is denoted by R/I := R/~/.

5.2.4 Problem. Show that the polynomials in Q[x] of degree less
than 2 form a complete system of distinct representatives for the
quotient Q[x] /(x? + 1).

Solution. For each polynomial f € Q[x], division with remainder
implies that there exist q,r € Q[x] such that f = (x> +1)q + r and
0 < deg(r) < 2orr = 0. Since f —r € (x*>+1), every coset in
the quotient Q[x] /(x* + 1) is represented by r + (x* + 1) for some
r € Q[x] where 0 < deg(r) < 2 or r = 0. The difference of any two
polynomials of degree less than 2 also has degree less than 2, so any
two cosets in Q[x] /(x? + 1) are represented different polynomials
of degree less than 2 are distinct. O

As with Z / (€), we want the quotient set R / I to be aring.

5.2.5 Theorem. LetI be anideal in a commutative ring R. The quotient
R/I is a commutative ring with addition and multiplication defined, for
alla,b € R, by(a+I)+(b+I) = (a+b)+Iand(a+I)(b+I) = (ab)+I
respectively. The canonical map7: R — R/I defined, for everya € R, by
m(a) := a+1, is a surjective ring homomorphism such that Ker(7) = I.

Proof. We first show that the operations on R / I are well-defined.
Givena, b,c,d € R such that b~;a and d ~; ¢, we need to prove that
(b+d)~;(a+c)and (bd) ~;(ac). Sincea—belandc—d€el,it
follows that
(a@a=b)+(c—-d)=(a+d)—-(b+d) el and
(a=b)c+b(c—d)=(ac)—(bd) eI,
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For any ring R, the quotient R/(0R>
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so (b+d)~;(a+c)and (bd)~;(ac). Since the binary operations are
well-defined, the required properties on R / I are inherited directly
from those on the ring R. In particular, the additive identity is 0 + I

and the multiplicative identity is 1 + 1.

For all a, b € R, the definitions for addition and multiplication on

the quotient ring R /I give

w(a+b)=(@+b)+I=(a+1I)+(b+1)=mn(a)+ n(b)

n(ab)=(ab)+I=(a+D)(b+1)=n(a)n(b)
(1) =1+1,

sothemap7: R—>R / I is aring homomorphism. As every coset in
R/I has the form a+1 for some a € R, the map 7 is surjective. Finally,
the element a € R belongs to Ker(¢) if and onlyifa +I = 0+ I or

equivalently a = a — 0 € I. We conclude that Ker(¢) = I.

Not all quotient rings are distinct.

5.2.6 Problem. Demonstrate that Z /(6) and Z /(2) x Z /(3) are the

“same ring”.

Proof. One may verify that the map from the quotient ring Z / (6) to

the product ring Z /(2) x Z /(3) defined by

[0]6 = ([0]2, [0]3) [2]6 = ([0]2, [2]3) [4]6 = ([O]z, [1 3)
[1]6 = ([1]2’ [1]3) [3]6 = ([1]2, [0]3) [5]6 = ([1]2, [2 3)

is a bijective ring homomorphism by constructing the addition and

multiplication tables for these rings:
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One can prove that only 1 of 720 = 6!
bijections is a ring isomorphism.

+ |[0]s [1]s [2]6 [3]6 [4]s [5]s +  |([0,[0]3) ([1],[1]5) ([0l [2]5) ([1]5,[0]5) ([0, [115) ([1]5,[2]5)
[0]6|[0]6 [1l6 [2]s [3]s [4]6 [5]6 ([0, [0]5)|([0],[0]5) ([1]:.[1]5 .[2]5) ([1]5,[0]5) ([0, [115) ([1].,[2]5)
[1]6|[1]6 [2]6 [3]6 [4]s [5]s [0l ([1],[1]5) |([1]5,[1]3) ([0]2,[2]5) ([1]2,[0]5) ([0]:,[1]5) ([1]2.[2]5) ([0],,[0]5)
[2]6|[2]6 [3]6 [4]6 [5]s [0]6 [1]s ([0, [2]5)|([0]. [2]5) ([1].[0 ([112, [2]5) ([0,,[0]5) ([1]5,[115)
[3]6|[3]6 [4]6 [5]6 [0]s [1]s [2J6  ([1]5.[015)|([1]2, [0]3) ([0]2,[1]5 ([0, [0]5) ([115,[15) ([0, [2]5)
[4]6|[4]s [5]6 [0]s [1]s [2]6 [3]6 ([0, [113)|([0]:, [1]5) ([1]5.[2]5 ([115, [115) ([0, [2]5) ([1]2,[0]5)
[5]6[[5]6 [0]6 [1]s [2]s [3]6 [4le  ([1]2,[2]5)|([1],[2]5) ([0]2[0]; ([0, [213) ([1].,[0]5) ([0l [1]5)

X _|[0]s [1]6 [2]s [3]s [4]s [5]s X |([0],[0]3) ([1]5,[1]5) ([0]2,[2]5) ([1]5,[0]5) ([0],[1]5) ([1]5,[2]5)
ToJs[[0]s T0]s T0]s T0]¢ [0]s [0]s ([0, [0]3)[([0]2. [0]5) ([0, 10]5) (10],,1015) ([0]2.10]5) ([0, [0]5) ([0, [0]5)
[1]6{[0]6 [1]6 [2]6 [3]s [4]6 [5)e  ([1]2,[1]5)|([0]s,[0]5) ([1]5,[1]5 0]2 [2]5) ([1]5,[0]5) ([0, [1]5) ([1],.[2]5)
[2]6|[0]6 [2]6 [4]6 [0]s [2]6 [4]s  ([0],,[2]5)|([0],,[0]5) ([0]2, [2]s 2> [1]5) ([0]5, [0]5) ([0, [2]5) ([0]2,[1]5)
[3]6([0]6 [3]6 [0]s [3]s [0]6 [3]s  ([1],,[0]5)|([0],,[0]5) ([1],,[0 ]2 [0]3) ([1]2,[0]5) ([0],[0]5) ([1],,[0]5)
[4]6|[0]6 [4]s [2]6 [0]6 [4] [2]6 ([0 [1]3){([0].[0]5) ([0, [1]5 ]2 [2]5) ([0]2, [0]5) ([0],.[1]5) ([0]2, [2]s)
[5]s[[0]6 [5]6 [4]s [3]s [2]6 [1]6  ([1]2,[2]5)|([0]s, [0]5) ([1]:.[2]5 2> [115) ([1]2, [013) ([0]:,[2]5) ([1]2,[1]5)

We need better ways for identifying equivalent rings.
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5.3 Exercises

5.3.1 Problem. Determine which of the following statements are true. If a statement is false, provide a
counterexample and, if possible, salvage it by modifying the statement so that it becomes true.
i. The composition of two ring homomorphisms is a ring homomorphism.
ii. For every ring homomorphism ¢ : R — S and every ideal I in R, the image ¢(I) is an ideal in S.
iii. For every ring homomorphism ¢ : R — S, the equation ¢(ab) = 0 always implies that ¢(a) = 0 or
p(b) = 0.
iv. For every finite ring R and every ring homomorphism ¢ : R — S, the image @(R) is finite.
v. Every subring of a ring is an ideal.
vi. Everyideal of a ring is generated by a single element.
vii. The quotientmap 7: R— R/I is injective if and only if I = 0.
viii. The quotient ring R / I is the zero ring implies that I = R.
ix. Every ring is isomorphic to a quotient of a polynomial ring.
x. If the quotient ring R / I is a domain, then R is also a domain.

5.3.2 Problem. For every ring R, prove that there exists a unique ring homomorphism from R to the
zero ring. Moreover, prove that the only ring homomorphism from the zero ring is the identity map.

5.3.3 Problem. Let ¢: R — S be a surjective ring homomorphism. When source ring R is commutative,
demonstrate that S is also commutative.

5.3.4 Problem. Establish the following properties for the family of ring homomorphisms.
(composition) For all ring homomorphisms ¢: R— Sand®: S — T, the compositionmap pogp: R—> T
is a ring homomorphism.
(identity) The identity map idg: R — R is always a ring homomorphism. Moreover, for every ring
homomorphism ¢: R — S, we also have idg o = ¢ = @ o idp.
(associativity) For all ring homomorphisms6: Q—= R, ¢: R— S,and ¥ : S — T, we have
Po(pob)=(Pop)ob.
5.3.5 Problem. Let m and n be positive integers. Verify that there exists a ring homomorphism from
Z [(m) to Z /(n) if and only if n divides m.

5.3.6 Problem. In a commutative ring, demonstrate that the set of nilpotent elements forms an ideal.
5.3.7 Problem. Let U;(Z) be the subset of all upper triangular (3 X 3)-matrices with integer entries;
a; a, a;]
Us;(Z):=4| 0 a; a4
0 0 ag]

i. Verify that U;(Z) is a subring of the ring of all (3 X 3)-matrices with integer entries.
ii. Given the matrix

a;,a,,...,0q € Z} .

[0 10
N:=(001
000
letn: Z[x] - U;(Z) be the ring homomorphism defined by

na,x"+---+a;x+ay) =a, N"+---+a;N+aq,l.
Find a polynomial f in Z[x] such that Ker(y) = (f).

5.3.8 Problem. Consider the ideal I := (1 + 2i) in the ring Z[i] := {a + bi € C | a,b € Z} of Gaussian
integers. Let R := Z[i] /I be the quotient ring.
i. Are the cosetsi+ I and 2 + I equal in R?
ii. Are the cosets4+Iand —1+ 1 equalin R?
iii. How many elements does R have?
iv. Is R afield?

b
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