Problems 03

Due: Friday, 25 September 2026 before 23:59 ET

P3.1. Define a binary relation on the set R of real numbers as follows: for all x,y € R, we
declare that x ~ y if there exists k € Zsuch thatx — y = 2k 7.
i. Verify that this is an equivalence relation.

ii. Describe a complete system of distinct representatives (or a transversal) for this
equivalence relation.

iii. Is addition well-defined on the quotient set R /~?
iv. Is multiplication well-defined on the quotient set R / ~?

P3.2. The canonical order < on the integers Z is defined as follows. For all m,n € Z, we
declare that m < nor n 2 mif n — m is a nonnegative integer.
i. For all m € Z, demonstrate that m < m.
ii. When k < m and m < n, establish that k < n.
iii. When m < n and n < m, verify that m = n.
iv. Forallm,n € Z, show thatm < norm > n.

P3.3. Let k, m, and n be integers. Verify that gcd(k m, k n) = |k| gcd(m, n).
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