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Rings were devised as a common generalization for structures in
number theory and the study of polynomial equations. Although
their conceptualization began in the 1870s, the structural approach
was solidified with the work of Emmy Noether (1921).

Ⅾavid Hilbert (1897) introduced the
word “ring” (more precisely
“Zahlring”) into mathematics. Rather
than a ‘hollow circular object’, think of
an ‘organization acting to further its
own interests’ such as a criminal ring
or spy ring, or an ‘enclosed space’ such
as a circus ring or boxing ring.

5.0 Ⅽommutative Rings
A ring is an algebraic structure on a single underlying set with two
binary operations. We emphasize the commutative case.

5.0.2 Ⅾefinition. A ring is a nonempty set 𝑅 with a pair of binary
operations (called addition and multiplication) such that
(additive group) under addition, 𝑅 is an abelian group;
(associativity) 𝑎(𝑏𝑐) = (𝑎𝑏)𝑐 and 1𝑎 = 𝑎1 = 𝑎;
(distributivity) 𝑎(𝑏 + 𝑐) = 𝑎𝑏 + 𝑎𝑐 and (𝑎 + 𝑏)𝑐 = 𝑎𝑐 + 𝑏𝑐.
for any elements 𝑎, 𝑏, and 𝑐 in 𝑅. A ring is commutative if 𝑎𝑏 = 𝑏𝑎
for any elements 𝑎 and 𝑏 in 𝑅.

Ⅽontrary to some antiquated sources,
rings always have a multiplicative
identity 1. Bjorn Poonen (2019) makes
a compelling argument for this
convention. Nevertheless, “ring‑like”
structures lacking a multiplicative
identity (customarily called algebras)
do arise naturally.

5.0.3 Example. The sets ℤ, ℚ, ℝ, and ℂ are all commutative rings
under the usual addition and multiplication. The quaternions ℍ
form a noncommutative ring. ⟡

Square matrices with entries in a
commutative ring under the usual
matrix operations form the
quintessential noncommutative ring.

5.0.4 Example. For any positive integer 𝑚, the quotient ℤ/⟨𝑚⟩ is a
commutative ring where the operations are inherited from ℤ. ⟡
5.0.5 Example. Ⅼet 𝑅 be a ring and let 𝑋 be a set. The maps from𝑋 to 𝑅 equipped with the pointwise operations form the product
ring 𝑅𝑋 = ∏𝑥∈𝑋 𝑅. For any functions 𝑓∶ 𝑋 → 𝑅 and 𝑔∶ 𝑋 → 𝑅,
the sum 𝑓 + 𝑔∶ 𝑋 → 𝑅 and the product 𝑓𝑔∶ 𝑋 → 𝑅 are defined by(𝑓 + 𝑔)(𝑥) = 𝑓(𝑥) + 𝑔(𝑥) and (𝑓𝑔)(𝑥) = 𝑓(𝑥)𝑔(𝑥) for all 𝑥 in 𝑋.
The constant functions 𝑥 ↦ 0𝑅 and 𝑥 ↦ 1𝑅 are the additive and
multiplicative identities respectively. ⟡
5.0.6 Example. The set of polynomials in the indeterminate 𝑥 with
coefficients in a commutative ring 𝑅 form the polynomial ring 𝑅[𝑥].
For any 𝑎𝑛, 𝑎𝑛−1,… ,𝑎0 in 𝑅 and any 𝑏𝑚, 𝑏𝑚−1,… , 𝑏0 in 𝑅, addition
is defined by(𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 +⋯+ 𝑎0) + (𝑏𝑛𝑥𝑛 + 𝑏𝑛−1𝑥𝑛−1 +⋯+ 𝑏0)∶= (𝑎𝑛 + 𝑏𝑛)𝑥𝑛 + (𝑎𝑛−1 + 𝑏𝑛−1)𝑥𝑛−1 +⋯+ (𝑎0 + 𝑏0) ,
and multiplication is defined by(𝑎𝑛𝑥𝑛+𝑎𝑛−1𝑥𝑛−1 +⋯+ 𝑎0)(𝑏𝑚𝑥𝑚 + 𝑏𝑚−1𝑥𝑚−1 +⋯+ 𝑏0)∶= (𝑎𝑛𝑏𝑚)𝑥𝑛+𝑚 + (𝑎𝑛𝑏𝑚−1 + 𝑎𝑛−1𝑏𝑚)𝑥𝑛+𝑚−1 +⋯+ 𝑎0𝑏0 .
Ɪn the product, the coefficient of 𝑥𝑘 is∑𝑘𝑖=0 𝑎𝑘−𝑖𝑏𝑖 in 𝑅. ⟡

One may assume that the nonnegative
integers 𝑛 and𝑚 satisfy 𝑛 ⩾ 𝑚 and𝑏𝑛 = 𝑏𝑛−1 = ⋯ = 𝑏𝑚+1 = 0.

5.0.7 Example. The set of formal power series in the indeterminate𝑥with coefficients in a commutative ring 𝑅 forms the commutative
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ring𝑅[[𝑥]]. For any elements 𝑎0, 𝑎1, 𝑎2,… in𝑅 and any 𝑏0, 𝑏1, 𝑏2,…
in 𝑅, addition and multiplication are defined by

( ∞∑𝑗=0 𝑎𝑗𝑥𝑗) + ( ∞∑𝑗=0 𝑏𝑗𝑥𝑗)∶= ∞∑𝑗=0(𝑎𝑗 + 𝑏𝑗)𝑥𝑗 ,
( ∞∑𝑗=0 𝑎𝑗𝑥𝑗) ( ∞∑𝑗=0 𝑏𝑗𝑥𝑗)∶= ∞∑𝑗=0 ( 𝑗∑𝑘=0 𝑎𝑘𝑏𝑛−𝑘)𝑥𝑗 . ⟡

5.0.8 Ⅼemma (Basic properties). Ⅼet 𝑅 be a commutative ring.

For any integers 𝑛 and 𝑘, the binomial
coefficient ( 𝑛𝑘 ) is defined to be the
number of subsets of the set[𝑛]∶= {1, 2,… ,𝑛} having cardinality 𝑘.

(multiplication by 0) For any element 𝑎 in 𝑅, we have 0𝑎 = 0.
(multiplication by −1) When −𝑎 denotes the additive inverse of the

element 𝑎 in 𝑅, we have (−1)(−𝑎) = 𝑎.
(zerodivisors) When the nonnegative integer 𝑛 satisfies𝑛1 = 1 + 1 +⋯+ 1⏟⎵⎵⎵⏟⎵⎵⎵⏟𝑛 times = 0

in 𝑅, we have 𝑛𝑎 = 0 for any element 𝑎 in 𝑅.
(binomial formula) For any pair of elements 𝑎 and 𝑏 in𝑅, and any

nonnegative integer 𝑛, we have
(𝑎 + 𝑏)𝑛 = 𝑛∑𝑘=0(𝑛𝑘)𝑎𝑘 𝑏𝑛−𝑘 .

Proof. Ⅾistributivity in the ring 𝑅 gives 0𝑎 = (0 + 0)𝑎 = 0𝑎 + 0𝑎.
Adding the additive inverse −0𝑎 to both sides yields 0𝑎 = 0.
Ⅿultiplication by 0 and distributivity in the ring 𝑅 establish that0 = (0)(−𝑎) = (−1 + 1)(−𝑎) = (−1)(−𝑎) + (−𝑎). Adding 𝑎 to both

sides proves that (−1)(−𝑎) = 𝑎.
Themultiplicative identity and the associativity ofmultiplication

in the ring 𝑅 give 𝑛𝑎 = 𝑛(1𝑎) = (𝑛1)𝑎 = 0𝑎 = 0.
We proceed by induction on 𝑛. For the base case 𝑛 = 0, we have(𝑎 + 𝑏)0 = 1 = (00) 𝑎0𝑏0. The induction hypothesis and the addition

identity for binomial coefficients give

(𝑎 + 𝑏)𝑛+1= (𝑎 + 𝑏)(𝑎 + 𝑏)𝑛 = (𝑎 + 𝑏) ( 𝑛∑𝑘=0(𝑛𝑘)𝑎𝑘𝑏𝑛−𝑘)= ( 𝑛∑𝑘=0(𝑛𝑘)𝑎𝑘+1𝑏𝑛−𝑘) + ( 𝑛∑𝑘=0(𝑛𝑘)𝑎𝑘𝑏𝑛−𝑘+1)=𝑛+1∑𝑘=0[( 𝑛𝑘−1) + (𝑛𝑘)] 𝑎𝑘𝑏𝑛+1−𝑘 = 𝑛+1∑𝑘=0(𝑛+1𝑘 )𝑎𝑘𝑏𝑛+1−𝑘 .
5.0.9 Example. Suppose that𝑅 is a ring with 1 = 0. For any element𝑎 in 𝑅, it follows that 𝑎 = 1𝑎 = 0𝑎 = 0, so 𝑅 consists of a single
element. This ring is predictably called the zero ring. ⟡
5.0.10Ⅾefinition. A subset 𝑆 of a ring𝑅 is a subring if the restriction
of addition and multiplication on 𝑅 induces a ring structure on 𝑆
with the same multiplicative identity.

The inclusions ℤ ⊂ ℚ ⊂ ℝ ⊂ ℂ are all
subrings. Every subring of ℤ or ℤ/⟨𝑚⟩
contains 1 and hence must be equal to
the whole ring.
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5.1 Homomorphisms and Fields
The set maps that preserve ring structures are just special group
homomorphisms, so their inherent traits are very similar.

A nonzero ring is not a group under
multiplication. Not insisting that𝜑(1𝑅) = 1𝑆 leads to pathologies.

5.1.1 Ⅾefinition. Ⅼet 𝑅 and 𝑆 be rings. A ring homomorphism is a
map 𝜑∶ 𝑅→𝑆 such that, for any elements 𝑎 and 𝑏 in 𝑅, we have𝜑(𝑎 + 𝑏) = 𝜑(𝑎) + 𝜑(𝑏), 𝜑(𝑎𝑏) = 𝜑(𝑎)𝜑(𝑏), and 𝜑(1𝑅) = 1𝑆.
5.1.2 Remark. The composition of ring homomorphisms is a ring
homomorphism. Themethodsused toproveProposition 2.0.6 show
that a ring homomorphism is isomorphism if and only if it is a bi‑
jective homomorphism.

5.1.3 Example. Ⅼet 𝑅 be a ring. The map 𝑛 ↦ 𝑛 ⋅ 1𝑅 is the unique
ring homomorphism from ℤ to 𝑅. Ɪn particular, the identity map is
the unique ring endomorphism of the ring ℤ. ⟡

For any nonegative integer 𝑛, we set
𝑛 ⋅ 1𝑅 ∶= 𝑛∑𝑖=1 1𝑅 = 1𝑅+1𝑅+⋯+1𝑅 ,

(−𝑛) ⋅ 1𝑅 ∶= − 𝑛∑𝑖=1 1𝑅 ,
5.1.4 Example. Ⅽomplex conjugation 𝑧 = 𝑎 + 𝑏i ↦ 𝑧 = 𝑎 − 𝑏i is an
automorphism of the ring ℂ. ⟡
5.1.5 Example. Ⅼet𝑅 be a commutative ring and let 𝑎 be an element
in 𝑅. The evaluation map ev𝑎 ∶ 𝑅[𝑥] → 𝑅 defined by ev𝑎(𝑓) = 𝑓(𝑎)
is a ring homomorphism. ⟡
Unlike normal groups and group homomorphisms, the kernel of

a ring homomorphism is not a distinguished type of subring.

5.1.6Ⅾefinition. A subset 𝐼 of a commutative ring𝑅 is an ideal if it is
an additive subgroup and, for any 𝑟 in 𝑅 and any 𝑎 in 𝐼, the product𝑟𝑎 belongs to 𝐼. Equivalently, a subset 𝐼 is an ideal if, for any 𝑟 and 𝑠
in 𝑅 and any 𝑎 and 𝑏 in 𝐼, the element 𝑟𝑎 + 𝑠𝑏 lies in 𝐼.

Richard Ⅾedekind (1871) introduced
both the concept and the term “ideal”.

5.1.7 Example. For any ring 𝑅, both 𝑅 and {0} are ideals. ⟡
5.1.8 Example. For any element 𝑟 in 𝑅, the set of multiplies of 𝑟 is
the ideal ⟨𝑟⟩, which is called the principal ideal generated by 𝑟. ⟡
5.1.9 Remark. Every intersection of ideals is an ideal; compare with
Ⅼemma 1.2.8. For any subset 𝑋 of a ring 𝑅, there exists a unique
smallest ideal ⟨𝑋⟩ containing 𝑋 called the ideal generated by 𝑋.
5.1.10 Proposition. Ⅼet 𝜑∶ 𝑅→𝑆 is a ring homomorphism. The kernel
Ker(𝜑) ∶= {𝑟 ∈ 𝑅 ∣ 𝜑(𝑟) = 0} is an ideal in 𝑅 and the image Ɪm(𝜑) is a
subring of 𝑆. When 𝑅 and 𝑆 are nonzero rings, we have Ker(𝜑) ≠ 𝑅.

Ⅽorollary 2.0.10 implies that a ring
homomorphism is injective if and only
if its kernel is trivial.

Proof. For any element 𝑟 in𝑅 andany𝑎 inKer(𝜑), compatibilitywith
multiplication gives𝜑(𝑟𝑎) = 𝜑(𝑟)𝜑(𝑎) = 𝜑(𝑟) 0 = 0, so 𝑟𝑎 ∈ Ker(𝜑).
As Proposition 2.0.8 shows that Ker(𝜑) is an additive subgroup of 𝑅,
we deduce that Ker(𝜑) is an ideal. Since 1𝑅 ∉ Ker(𝜑) unless 𝑆 = 0 or𝑅 = 0, the kernel is a proper ideal when 𝑅 and 𝑆 are nonzero rings.
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For any 𝑎′ and 𝑏′ in Ɪm(𝜑), there exists 𝑎 and 𝑏 in 𝑅 such that𝜑(𝑎) = 𝑎′ and 𝜑(𝑏) = 𝑏′, so 𝜑(𝑎𝑏) = 𝜑(𝑎)𝜑(𝑏) = 𝑎′ 𝑏′ ∈ Ɪm(𝜑).
As Proposition 2.0.8 shows that Ɪm(𝜑) is an additive subgroup of 𝑆
containing 1𝑆, so this image is a subring.
5.1.11 Ⅾefinition. A ring element is a unit if it has a multiplicative
inverse. The set 𝑅× of all units in a commutative ring 𝑅 forms an
abelian group under multiplication.

For instance, we haveℤ× = {1,−1} ≅ 𝜇2 and(ℤ/ ⟨6⟩)× = {1, 5} ≅ 𝜇2.
5.1.12 Proposition. A formal power series 𝑓∶= ∑∞𝑛=0 𝑟𝑛 𝑥𝑛 in 𝑅[[𝑥]] is
a unit if and only if the coefficient 𝑟0 of the monomial 𝑥0 is a unit in 𝑅.
Proof. When 𝑔 = ∑𝑛⩾0𝑠𝑛 𝑥𝑛 in𝑅[[𝑥]] satisfies𝑓𝑔 = 1, the definition
of multiplication in 𝑅[[𝑥]] implies that 𝑟0 𝑠0 = 1, so 𝑟0 is a unit in 𝑅.
Suppose that 𝑟0 is a unit in 𝑅. Recursively defining the element𝑠𝑛 in 𝑅, for all nonnegative integers 𝑛, by𝑠0 ∶= 𝑟−10 , 𝑠1 ∶= 𝑟−10 (−𝑟1𝑠0) , … , 𝑠𝑛 ∶= 𝑟−10 (− 𝑛∑𝑖=1 𝑟𝑖𝑠𝑛−𝑖) ,

we obtain ( ∞∑𝑛=0 𝑟𝑛 𝑥𝑛) ( ∞∑𝑛=0 𝑠𝑛 𝑥𝑛) = ∞∑𝑛=0 ( 𝑛∑𝑘=0 𝑟𝑖𝑠𝑛−𝑖) 𝑥𝑛 = 1.
Rings with the maximal set of units are especially important.

5.1.13 Ⅾefinition. A field is a nonzero commutative ring in which
every nonzero element is a unit.

5.1.14Ⅾefinition. A ring𝑅 is a domain if its nonzero and the product
of nonzero elements in 𝑅 is nonzero. Some of our favourite sets of numbers

includingℚ,ℝ,and ℂ are fields.
However, the ring ℤ is a domain but
not a field.

5.1.15 Proposition. Every field is a domain.

Proof. Ⅼet 𝑎 and 𝑏 be elements in a field. Whenever 𝑎𝑏 = 0 and𝑎 ≠ 0, it follows that 𝑏 = 𝑎−1(𝑎𝑏) = 𝑎−1(0) = 0.
5.1.16 Proposition. Any finite domain is a field.

Proof. Ⅼet 𝑅 be a finite domain and let 𝑎 be a nonzero element in 𝑅.
Themap𝑥 ↦ 𝑎𝑥 is injective, because𝑅 is a domain. Since𝑅 is finite,
it is also surjective. Hence, there exists 𝑏 in 𝑅 such that 𝑎𝑏 = 1. As𝑎 was arbitrary, the domain 𝑅 is a field.
5.1.17 Proposition. The quotient ring ℤ/⟨𝑚⟩ is a domain if and only if
the integer𝑚 is a prime. Ⅽombining Propositions 5.1.16–5.1.17,

we see that ℤ/ ⟨𝑚⟩ is a field if and only
if𝑚 is a prime. For a prime number 𝑝,
the finite field ℤ/⟨𝑝⟩ is frequently
denoted by 𝔽𝑝.Proof. Suppose that𝑚 is prime. For any integer 𝑝 and 𝑞 satisfying𝑝𝑞 ≡ 0mod𝑚, it follows𝑚 divides 𝑝 or 𝑞, so either 𝑝 ≡ 0mod𝑚 or𝑞 ≡ 0mod𝑚. Thus, the quotient ring ℤ/⟨𝑚⟩ is a domain.

Suppose that𝑚 is not prime. Hence, there exists integers 𝑝 and 𝑞
such that𝑚 = 𝑝𝑞 and 1 < 𝑝 ⩽ 𝑞 < 𝑚. Ɪt follows that 𝑝 ≢ 0 mod 𝑚
and 𝑞 ≢ 0 mod 𝑚, but 𝑝𝑞 ≡ 0mod𝑚. Therefore, the quotient ringℤ/⟨𝑚⟩ is not a domain.

Ⅽopyright © 2025 by Gregory G. Smith



Rings 51

5.2 Ɪsomorphism Theorems
Just as with groups, ring theory has basic results describing some
universal features of homomorphisms, quotients, and subobjects.

5.2.1 Theorem. Ⅼet 𝐼 be an ideal in a commutative ring 𝑅. The quotient𝑅/𝐼 inherits multiplication from 𝑅 and the canonical map 𝜋∶ 𝑅 → 𝑅/𝐼,
defined by𝜋(𝑟) = 𝑟+𝐼 for any 𝑟 in𝑅, is a surjective ring homomorphism.
Sketch of proof. For any 𝑎 and 𝑏 in 𝑅, multiplication on the quotient𝑅/𝐼 is defined by (𝑎+𝐼)(𝑏+𝐼)∶= 𝑎𝑏+𝐼. Ⅽonsider 𝑎+𝐼 = 𝑎′ +𝐼 and𝑏+𝐼 = 𝑏′+𝐼 for some 𝑎′ and 𝑏′ in 𝑅, so that 𝑎−𝑎′ ∈ 𝐼 and 𝑏−𝑏′ ∈ 𝐼.
To demonstrate that multiplication is well‑defined, we must show(𝑎′ + 𝐼)(𝑏′ + 𝐼) = 𝑎′𝑏′ + 𝐼 = 𝑎𝑏+ 𝐼 or 𝑎𝑏− 𝑎′𝑏′ ∈ 𝐼. Ɪndeed, we have𝑎𝑏 − 𝑎′𝑏′ = 𝑎𝑏 − 𝑎′𝑏 + 𝑎′𝑏 − 𝑎′𝑏′ = (𝑎 − 𝑎′)𝑏 + 𝑎′(𝑏 − 𝑏′) ∈ 𝐼. By
Ⅽorollary 2.3.13, it remains to verify that this product is associative,
commutative, distributive, with 1 + 𝐼 as the identity.
5.2.2 Ⅽorollary. Ⅼet 𝜑∶ 𝑅 → 𝑆 be a ring homomorphism. For any ideal𝐼 in 𝑅 and any ideal 𝐽 in 𝑆 satisfying 𝜑(𝐼) ⊆ 𝐽, the map 𝜑∶ 𝑅/𝐼 → 𝑆/𝐽,
defined by 𝜑(𝑟 + 𝐼) = 𝜑(𝑟) + 𝐽 for any 𝑟 in 𝑅, is a ring homomorphism.
Proof. As𝜑(1𝑅+𝐼) = 𝜑(1𝑅)+𝐽 = 1𝑆+𝐽, it suffices by Ⅽorollary 2.3.14
to check that the map 𝜑 is compatible with multiplication:𝜑((𝑎 + 𝐼)(𝑏 + 𝐼)) = 𝜑(𝑎𝑏 + 𝐼) = 𝜑(𝑎𝑏) + 𝐽 = 𝜑(𝑎)𝜑(𝑏) + 𝐽= (𝜑(𝑎) + 𝐽) (𝜑(𝑏) + 𝐽) = 𝜑(𝑎 + 𝐼) 𝜑(𝑏 + 𝐼) .
5.2.3 First Ɪsomorphism Theorem. Ⅼet 𝜑∶ 𝑅→𝑆 be a ring homomor‑
phism with kernel 𝐼 ∶= Ker(𝜑). The map 𝜑∶ 𝑅/𝐼 → Ɪm(𝜑), defined by𝜑(𝑟+𝐼) = 𝜑(𝑟) for any 𝑟 in𝑅, is a ring isomorphism. Writing𝜋∶ 𝑅→𝑅/𝐼
for the canonical surjection and 𝜄∶ Ɪm(𝜑)→𝑆 for the canonical injection,
we also have 𝜑 = 𝜄 ∘ 𝜑 ∘ 𝜋.

𝑅 𝑅′

𝑅/𝐼 Ɪm(𝜑)
𝜑

𝜋
𝜑̃

𝜄

Figure 5.1: Ⅽommutative diagram
arising from Theorem 5.2.3Proof. As 𝜑(1𝑅 + 𝐼) = 𝜑(1𝑅) = 1𝑆, it suffices by Theorem 3.0.1 to

check that the map 𝜑 is compatible with multiplication:𝜑((𝑎 + 𝐼)(𝑏 + 𝐼)) = 𝜑(𝑎𝑏 + 𝐼) = 𝜑(𝑎𝑏)= 𝜑(𝑎)𝜑(𝑏) = 𝜑(𝑎 + 𝐼) 𝜑(𝑏 + 𝐼) .
5.2.4 Example. We claim that ℤ[i]/⟨1+3i⟩ ≅ ℤ/⟨10⟩. To prove this
claim, consider theunique ringhomomorphism𝜑∶ ℤ→ℤ[i]/⟨1+3i⟩.
Since i = (−1)(−i) = (3i)(−i) = 3 in ℤ[i]/ ⟨1 + 3i⟩, the coset contain‑
ing 𝑎+𝑏i ∈ ℤ[i] equals the coset containing 𝑎+3𝑏, so𝜑 is surjective.
For any 𝑛 ∈ Ker(𝜑), we see that 𝑛 ∈ ⟨1+3i⟩. Hence, there are inte‑
gers 𝑐 and 𝑑 such that 𝑛 = (𝑐+𝑑i)(1+3i) = (𝑐−3𝑑)+(3𝑐+𝑑)i. Since𝑛 ∈ ℤ, we see that 3𝑐 = −𝑑 and 𝑛 = 𝑐 + 3(−𝑑) = 𝑐 + 3(3𝑐) = 10𝑐.
We conclude that Ker(𝜑) ⊆ ⟨10⟩. We also have 32 = −1 or 10 = 0
in ℤ[i]/ ⟨1 + 3i⟩, so ⟨10⟩ ⊆ Ker(𝜑). Therefore, the First Ɪsomorphism
Theorem yields the isomorphism ℤ/ ⟨10⟩ ≅ ℤ[i]/ ⟨1+3i⟩. ⟡
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5.2.5 Example. We claim that the ring ℂ[𝑥, 𝑦]/ ⟨𝑥𝑦⟩ is isomorphic
to the subring of the product ℂ[𝑥] × ℂ[𝑦] consisting of the pairs(𝑓(𝑥), 𝑔(𝑥)) such that𝑓(0) = 𝑔(0). The First ꞮsomorphismTheorem
gives ℂ[𝑥, 𝑦]/⟨𝑦⟩ ≅ ℂ[𝑥] because the ideal ⟨𝑦⟩ is the kernel of the
map ev𝑦=0 ∶ ℂ[𝑥, 𝑦] → ℂ[𝑥]. Similarly, we have ℂ[𝑥, 𝑦]/⟨𝑥⟩ ≅ ℂ[𝑦].
Ⅽonsider themapℂ[𝑥, 𝑦]→ℂ[𝑥]×ℂ[𝑦] defined, for all𝑓 inℂ[𝑥, 𝑦],
by 𝑓(𝑥, 𝑦) ↦ (𝑓(𝑥, 0), 𝑓(0, 𝑦)). The kernel is ⟨𝑥⟩ ∩ ⟨𝑦⟩ = ⟨𝑥𝑦⟩. The
First Ɪsomorphism Theorem completes the proof. ⟡

Aside from the First Ɪsomorphism
Theorem, there are no methods for
recognizing a quotient ring, because it
will usually not be a familiar ring.

5.2.6 Second Ɪsomorphism Theorem. Ⅼet 𝑅 be a commutative ring.
For all ideals 𝐼 in𝑅 and all subrings 𝑆 in𝑅, the sum 𝑆+𝐼 is a subring of𝑅,𝐼 is an ideal in 𝑆+𝐼, 𝑆∩𝐼 is an ideal of 𝑆, and there is a ring isomorphism𝑆/(𝑆 ∩ 𝐼) ≅ (𝑆 + 𝐼)/𝐼.
Proof. Ⅽonsider the map 𝜑∶ 𝑆 → (𝑆 + 𝐼)/𝐼 defined by 𝜑(𝑠) ∶= 𝑠 + 𝐼
for any 𝑠 in 𝑆. As𝜑(1𝑆) = 1𝑆+𝐼, it suffices by Theorem 3.0.4 to check
that this map is compatible with multiplication:𝜑(𝑠𝑡) = 𝑠𝑡 + 𝐼 = (𝑠 + 𝐼)(𝑡 + 𝐼) = 𝜑(𝑠)𝜑(𝑡) .
5.2.7 Third Ɪsomorphism Theorem. Ⅼet 𝐼 and 𝐽 be nested ideals in a
commutative ring 𝑅. The quotient 𝐽/𝐼 is an ideal of the quotient ring 𝑅/𝐼
and we have the isomorphism 𝑅/𝐽 ≅ (𝑅/𝐼)/(𝐽/𝐼).
Proof. Ⅽonsider the map 𝜑∶ 𝑅/𝐼 → 𝑅/𝐽 defined by 𝜑(𝑟 + 𝐼) = 𝑟 + 𝐽
for all 𝑟 in 𝑅. As 𝜑(1𝑅 + 𝐼) = 1𝑅 + 𝐽, it suffices by Theorem 3.0.5 to
check that this map is compatible with multiplication:𝜑(𝑟𝑠 + 𝐼) = 𝑟𝑠 + 𝐽 = (𝑟 + 𝐽)(𝑠 + 𝐽) = 𝜑(𝑟 + 𝐼)𝜑(𝑠 + 𝐼) .
5.2.8 Ⅽorrespondence Theorem. Ⅼet 𝐼 be an ideal in𝑅. The canonical
map 𝜋∶ 𝑅→𝑅/𝐼 induces a bijection between the set of all subrings of 𝑅
(respectively, the set of all ideals) containing 𝐼 and the set of all subrings
(respectively, the set of all ideals) of quotient ring 𝑅/𝐼. !

Ⅽompare with Theorem 3.0.6.

5.2.9 Proposition. For a nonzero ring 𝑅, the following are equivalent:
a. 𝑅 is a field;
b. the only ideals in 𝑅 are ⟨0⟩ and ⟨1⟩;
c. every ring homomorphism from 𝑅 to a nonzero ring is injective.
Proof.
a⇒b: Ⅼet 𝐼 be a nonzero ideal in𝑅 and let 𝑎 be a nonzero element in𝐼. As 𝑅 is a field, the element 𝑎 is a unit, so 𝑅 = ⟨1⟩ ⊆ ⟨𝑎⟩ ⊆ 𝐼 ⊆ 𝑅.
b⇒c: For any ring homomorphism 𝜑∶ 𝑅 → 𝑆, the kernel Ker(𝜑) is
a proper ideal. Ɪt follows that Ker(𝜑) = ⟨0⟩, so 𝜑 is injective.

c ⇒a: Suppose 𝑎 in 𝑅 is not a unit. Ɪt follows that ⟨𝑎⟩ ≠ ⟨1⟩ and𝑆 = 𝑅/⟨𝑎⟩ is a nonzero ring. Ⅼet 𝜋∶ 𝑅 → 𝑆 be the canonical map.
The map 𝜋 being injective gives ⟨𝑎⟩ = Ker(𝜋) = ⟨0⟩ and 𝑎 = 0.

Ⅽopyright © 2025 by Gregory G. Smith



Rings 53

5.3 Ⅿaximal and Prime Ɪdeals
Some ideals have greater significance.

5.3.1 Ⅾefinition. An ideal 𝐼 in a commutative ring 𝑅 is maximal if𝐼 ≠ ⟨1⟩ = 𝑅 and there is no proper ideal 𝐽 in 𝑅 such that 𝐼 ⊂ 𝐽 ⊂ 𝑅.
5.3.2 Proposition. An ideal 𝐼 in 𝑅 is maximal if and only if the quotient
ring 𝑅/𝐼 is a field.
Proof. By definition, the ideal 𝐼 in 𝑅 is maximal if and only if it is
contained in two ideal: 𝐼 and𝑅. Theorem5.2.8 shows that the ideals
in 𝑅 containing the ideal 𝐼 correspond to the ideals in the quotient
ring 𝑅/𝐼. Proposition 5.2.9 demonstrates that 𝑅/𝐼 is a field if and
only if and only if it has two ideals: ⟨0⟩ and ⟨1⟩.
5.3.3 Example. The maximal ideals in the ring ℤ are the principal
ideals generated by prime integers. ⟡
Surprisingly, the existence of a maximal ideal in all commutative

rings impinges upon the latent axioms of set theory.

5.3.4 Ⅾefinition. A partially ordered set or poset 𝑃 is a set together
with a reflexive, antisymmetric, transitive binary relation ≼. Two
elements 𝑥 and 𝑦 in 𝑃 are comparable if 𝑥 ≼ 𝑦 or 𝑦 ≼ 𝑥. A chain is a
poset in which any pair of elements are comparable. A subset of a
poset is a chain if it is a chain when regarded as a subposet.

Partially ordered sets may not have
maximal elements. For example, real
numbersℝ, with the usual ordering,
has no maximal elements.

5.3.5 Zorn’s Ⅼemma. Any nonempty partially order set, such that every
chain has an upper bound, has a maximal element.

Zorn’s Ⅼemma is equivalent to the
axiom of choice or the well‑ordering
principle. Ⅿax Zorn (1935) proposed it
as a new axiom of set theory.

5.3.6 Theorem (Krull). Any proper ideal in a commutative ring lies in a
maximal ideal.

Wolfgang Krull (1929) first proved the
Theorem 5.3.6 by transfinite induction.
Hodges (1979) shows that Krull’s
Theorem is equivalent to Zorn’s
Ⅼemma.Proof. Fix a commutative ring 𝑅. Ⅼet 𝒮 be the set of all ideals 𝐽 in 𝑅

that contain the ideal 𝐼 and are not equal to 𝑅. Since 𝐼 ∈ 𝒮, the set𝒮 is nonempty. Partially order 𝒮 by inclusion. Ⅼet 𝐶 be a chain in 𝒮;
given 𝐽, 𝐽′ ∈ 𝐶, either 𝐽 ⊆ 𝐽′ or 𝐽′ ⊆ 𝐽. We claim that 𝐽∗ = ⋃𝐽∈𝐶 𝐽
is an upper bound of 𝐶. We clearly have 𝐽 ⊆ 𝐽∗ for all 𝐽 ∈ 𝐶, so it
remains to prove 𝐽∗ is a proper ideal. Ɪf 𝑓, 𝑔 ∈ 𝐽∗ and 𝑟 ∈ 𝑅, then𝑓, 𝑔 ∈ 𝐽 for some 𝐽 ∈ 𝐶 and 𝑟𝑓 + 𝑔 ∈ 𝐽 ⊆ 𝐽∗ so 𝐽 is an ideal. Ɪf𝐽∗ = 𝑅, then we would have 1 ∈ 𝐽∗ and 1 ∈ 𝐽 for some 𝐽 ∈ 𝐶 which
contradicts the fact that 𝐽 is proper. Since every chain of 𝒮 has an
upper bound, Zorn’s Ⅼemma completes the proof.

Weakening the condition on the associated quotient ring leads to
possibly a more influential type of ideals.

5.3.7 Ⅾefinition. An ideal 𝐼 in commutative ring 𝑅 is prime if the
quotient ring 𝑅/𝐼 is a domain.

A maximal ideal 𝐽 in a commutative
ring 𝑅 is prime because the quotient𝑅/𝐽 is a field. Ɪt follows that every
ideal 𝑅 other than 𝑅 is contained in at
least one prime ideal.
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5.3.8 Proposition. An ideal 𝐼 is prime if and only if 𝐼 ≠ ⟨1⟩ and the
relation 𝑓𝑔 ∈ 𝐼 implies 𝑓 ∈ 𝐼 or 𝑔 ∈ 𝐼. The prime ideals in the ring ℤ are

principal ideals generated by primes
and the zero ideal.

Proof. For any element 𝑓 in 𝑅, let 𝑓 denote its image under the
canonical map 𝜋∶ 𝑅→𝑅/𝐼.
Suppose that 𝐼 is a prime ideal. When the product 𝑓𝑔 is in the

ideal 𝐼, it follows that𝑓𝑔 = 0 ∈ 𝑅/𝐼. Since𝑅/𝐼 is a domain, it follows
that 𝑓 = 0 or 𝑔 = 0, so either 𝑓 ∈ 𝐼 or 𝑔 ∈ 𝐼.
Ⅽonversely, suppose that𝑓𝑔 = 0 for some𝑓 and 𝑔 in𝑅/𝐼. Ⅽhoose

elements 𝑓 and 𝑔 in 𝑅 such that 𝑓 = 𝑓 + 𝐼 and 𝑔 = 𝑔 + 𝐼. Ɪt follows
that 0 = 𝑓𝑔 = (𝑓 + 𝐼)(𝑔 + 𝐼) = 𝑓𝑔 + 𝐼 so 𝑓𝑔 ∈ 𝐼. By hypothesis, we
have 𝑓 ∈ 𝐼 or 𝑔 ∈ 𝐼, which implies that 𝑓 = 0 or 𝑔 = 0. Therefore,
the quotient ring 𝑅/𝐼 is a domain.
5.3.9 Remark. Ⅼet 𝜑∶ 𝑅→ 𝑆 be a ring homomorphism and let 𝐽 be
an ideal of 𝑆. Set 𝐼 ∶= 𝜑−1(𝐽). The induced ring homomorphism𝜑∶ 𝑅/𝐼 → 𝑆/𝐽 is injective. Ɪf 𝐽 is a prime ideal, then the quotient
ring 𝑆/𝐽 is a domain. Since the quotient ring 𝑅/𝐼 is isomorphic to a
subring of 𝑆/𝐽, it is also a domain and the ideal 𝐼 is a prime ideal.
5.3.10 Ⅾefinition. The ideals 𝐼 and 𝐽 in a commutative ring 𝑅 are
comaximal if 𝐼 + 𝐽 = 𝑅. Equivalently, no prime ideal in 𝑅 contains
both 𝐼 and 𝐽. Any two distinct maximal ideals are

comaximal.

5.3.11 Theorem. Ⅼet 𝑛 be a positive integer. For any ideals 𝐼1, 𝐼2,… , 𝐼𝑛
in a commutative ring 𝑅, the following are equivalent:
a. for all 𝑘 ≠ 𝑗, the ideals 𝐼𝑘 and 𝐼𝑗 are comaximal;
b. the canonical ring homomorphism 𝜑∶ 𝑅→∏𝑗(𝑅/𝐼𝑗) is surjective.
Ɪf these conditions hold, thenwe have 𝐼 = ⋂𝑗 𝐼𝑗 = ∏𝐼𝑗 and the canonical
map 𝜑∶ 𝑅/𝐼→∏𝑗(𝑅/𝐼𝑗) is bijective.

The earliest version of Theorem 5.3.11,
with 𝑅 = ℤ, appears in the work of the
Ⅽhinese mathematician Sun Zi.
Nothing is known about this
mathematician except for his text
Sunzi suanjing.

Sketch of proof. Suppose that 𝑛 = 2. Set 𝐼 ∶= 𝐼1 and 𝐽 ∶= 𝐼2. Ⅽonsider
the elements 𝑓 in 𝐼 and 𝑔 in 𝐽 such that 1𝑅 = 𝑓 + 𝑔. Ɪt follows that𝜑(𝑓) = (𝑓 + 𝐼, 1 − 𝑔 + 𝐽) = (𝐼, 1 + 𝐽) ,𝜑(𝑔) = (1 − 𝑓 + 𝐼, 𝑔 + 𝐽) = (1 + 𝐼, 𝐽) .
For any elements 𝑟 and 𝑠 in 𝑅, we see that𝜑(𝑠𝑓 + 𝑟𝑔) = 𝜑(𝑠)𝜑(𝑓) + 𝜑(𝑟)𝜑(𝑔) = (𝑟 + 𝐼, 𝑠 + 𝐽) ,
which establishes that 𝜑 is surjective. Ⅿoreover, for any ℎ in the
intersection 𝐼 ∩ 𝐽, we have ℎ = ℎ𝑓 + ℎ𝑔 but ℎ𝑓 ∈ 𝐼𝐽 and ℎ𝑔 ∈ 𝐼𝐽. Ɪt
follows that ℎ ∈ 𝐼𝐽 and 𝐼 ∩ 𝐽 ⊆ 𝐼𝐽. The inclusion 𝐼𝐽 ⊆ 𝐼 ∩ 𝐽 is trivial.
Ⅽonversely, suppose that the map 𝜑 is surjective. Hence, there

exists an element 𝑓 in 𝑅 such that 𝜑(𝑓) = (0 + 𝐼, 1 + 𝐽). We deduce
that 𝑓 ∈ 𝐼 and 𝑓 = 1 − 𝑔 for some 𝑔 ∈ 𝐽.
For the general case, proceed by induction on 𝑛.
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5.4 Exercises
5.4.1 Problem. Ⅾetermine which of the following statements are
true. Ɪf a statement is false, then provide a counterexample.

Ⅽan the false statements be salvaged
in some way? Ɪn other words, can one
find a closely related nontrivial true
statement.

i. The empty set∅ has a unique ring structure.
ii. A subset 𝑆 of a ring 𝑅 is a subring if and only if is a subgroup
under addition, closed under multiplication, and contains 1𝑅.

iii. The intersection of any family of subrings is also a subring.
iv. Ⅼet 𝑋 be any subset of a commutative ring 𝑅. The set of ele‑
ments 𝑟 in 𝑅 such that 𝑟𝑥 = 0 for all 𝑥 in 𝑋 is an ideal.

v. For any unit 𝑎 in a ring 𝑅, the map 𝑥 ↦ 𝑎𝑥𝑎−1 is a ring endo‑
momorphism of 𝑅.

vi. There exists a ring homomorphism fromany nonzero commu‑
tative ring to a field.

vii. Any subring of a domain is also a domain.
viii. There is a domain containing exactly 10 elements.
ix. For any relatively prime integers𝑚 and 𝑛, the ideals ⟨𝑚⟩ and⟨𝑛⟩ in ℤ are comaximal.

5.4.2 Problem. Ⅼet 𝔽4 denote the set of all (2 × 2)‑matrices of the
form [𝑎 𝑏𝑏 𝑎 + 𝑏]
where 𝑎 and 𝑏 are elements in ℤ/⟨2⟩.
i. Establish that 𝔽4 is a commutative ring under the usual matrix
operations.

ii. Ⅾemonstrate that 𝔽4 is a field with exactly four elements.
5.4.3 Problem. Ⅼet 𝑅 be a commutative ring. An element 𝑟 in 𝑅 is
nilpotent if 𝑟𝑛 = 0 for some positive integer 𝑛.
i. For any nilpotent element 𝑟 in 𝑅, prove that 1 − 𝑟 is a unit in 𝑅.
ii. Prove the set of all nilpotent elements in 𝑅 is an ideal.
5.4.4 Problem. Ⅼet 𝑅 be a commutative ring and consider elements𝑓 and 𝑔 in 𝑅. Show that the canonical image of the product 𝑓𝑔 in
the quotient ring 𝑅/⟨𝑓 − 𝑓2𝑔⟩ is an idempotent. Give an example
where this idempotent is distinct from 0 and 1.
5.4.5 Problem. Ⅼet 𝑅 and 𝑆 be commutative rings and let 𝜑∶ 𝑅→𝑆
and 𝜓∶ 𝑅→𝑆 be ring homomorphisms. Ɪs the set of all elements 𝑓
in 𝑅 such that 𝜑(𝑓) = 𝜓(𝑓) a subring of 𝑅?
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