6 Fractions and Division

Among the four basic arithmetic operations, division is uniquely
and notably absent from the definition of a ring. As an explanation,
the various ways of viewing fractions and division isolate different
kinds of commutative rings.

6.0 Rings of Fractions

The procedure for constructing the rational numbers Q from the
integers Z easily extends to any domain R. For any ordered pair
(r,d) of elements in R where d is nonzero, the construction uses
the relation: (r,d) = (r',d’) © rd’ — r'd = 0. This works only when
R is a domain, because this relation is transitive if and only if R has
no zerodivisors. Nevertheless, it can be generalized as follows.

6.0.1 Definition. A subset D of aring R is multiplicative if every finite
product of elements in the set D belongs to D.

6.0.2 Example. For any element f in R, the set of powers f", for all
nonnegative integers n, is multiplicative. <>

6.0.3 Example. Let P be an ideal in a commutative ring R. For the
complement R\ P to be multiplicative, it is necessary and sufficient
that P be prime ideal; see Proposition 5.3.8. <&

6.0.4 Example. The set of elements in a commutative ring R that
are not zerodivisors is multiplicative. <>

6.0.5 Remark. The intersection of multiplicative subsets a ring is
also multiplicative. The intersection of all multiplicative subsets
containing a given set is the multiplicative set it generates.

6.0.6 Proposition. For any multiplicative subset D in a commutative

ring R, there exists a commutative ring R[D~'] and a ring homomorphism

7: R — R[D~!] with the following properties:

(new units) The elements in the set n(D) are units in R[D™1].

(universal) For any ring homomorphism ip: R — S such that the

elements inp(D) areunitsin S, there exists a unique ring
homomorphism: R[D~1] = S such thatp = P o).

We call R[D™!] the ring of fractions with demoninators in D.

Sketch of proof. Consider the set R X D with the relation:
(r,d) =(s,e) <« there exists ¢ in D such that c(re — sd) = 0.

This relation is reflexive and symmetric. It is transitive because the
equations c(re — sd) = 0 and b(sf — te) = 0 imply that
cbe(rf —td) = bfcre — cdbte + bfcsd — bfesd
=bf(c(re —sd)) + cd(b(sf —te)) =0
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This is the same as saying that 1z in D
and the product of any pair of
elements of D belongs to D.

The multiplicative set generated by a
given subset consists of all the finite
products of its elements.

Figure 6.1: Commutative diagram
arising from Proposition 6.0.6



and cbe is in D. Let R[D!] := R X D/= be the quotient under this
equivalence relation. For any ordered pair (r,d), write r/d for the
equivalent class containing the pair (r,d) in R[D7!].

Consider elements f = r/d and g = s/e in R[D~!]. We claim that
the equivalence classes (re + sd)/de and (rs)/(de) are independent
of the chosen representatives for f and g. Given f = r'/d’, there
exists ¢ in D such that ¢(rd’ — r'd) = 0 whence

c((re +sd)(d’e) — (r'e + sd’)(de)) = e*(c(rd’ —r'd)) =0,
c((rs)(d'e) — (r's)(de)) = es(c(rd’ — r'd)) = 0.

Thus, we have (re + sd,de) = (*'e + sd’,d’e) and (rs,de) = (r's,d’e).

Hence, the binary operations (f,g) —» f + g = (re + sd)/de and
(f,g) » fg = (rs)/(de) are well defined. One verifies that these
two operations define a commutative ring structure on R[D~!]: the
additive identity is 0/1 and the multiplicative identity is 1/1. The
map 7: R = R[D™!] defined, for any r in R, by n(r) = r/1is aring
homomorphism, and the multiplicative inverse of d/1 is 1/d.

Let : R — S be a ring homomorphism such that the elements
in (D) are units. Consider the map ) : R[D~'] - S defined, for any
r/d in R[D1], by (r/d) = P(r)((d))~'. Whenr/d = r'/d’, there is

cin D such that c(rd’ —r'd) = 0 so P(c)(p(r)p(d’) — p(r')(d)) = 0.

Since the elements (c), ¥(d), and (d’) are units in S, it follows

that P(r)(¥(d))™ = P(r')(¥(d’))™", so the map ¥ is well defined.

A~

One verifies that the map ¥ is a ring homomorphism. By design,
we have z/p\ on =1and 17) is determined by this relation because

P(r/d) = P((r/1)(1/d)) = P(r/1)PA/d) = P(r)P(1/d),
1=91/1) = P1/d)P(d/1) = P(1/d) p(d). O

6.0.7 Definition. When the multiplicative set D consists of all of the
nonzerodivisors in the ring R, the commutative ring R[D~!] is the
total ring of fractions. When R is a domain and D = R \ {0}, the ring
R[D~!] is the field of fractions of R.

6.0.8 Example. Given an element f in R and D := {f" | n € N},
we have Ry := R[D™'] = R[x]/(xf — 1). In particular, the Laurent
polynomial ring C[x, x7!] is the ring C[x],. >

6.0.9 Definition. For any prime ideal P in commutative ring R, we
write Rp for R[(R \ P)7!]. The elements f/d with f in P and d not

in P form an ideal Pp in Rp. Every element not in Pp is a unit in Rp.

It follows that Pp is the unique maximal ideal in Rp. The process of
passing from the ring R to the ring Rp is called localization at P.

6.0.10 Example. For the prime ideal P = (0) in Z, we have Z 5, = Q.

The ring C(x) := C|x]o, consists of all rational functions. <>
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Two elements in R[D~!] can always be
written in the form f/d and g/d with f
and g in R and d in D with the same
denominator. For any f/d and g/e in
R[D™1], we have f/d = fe/de and

gle = gd/de.

The kernel of map 7: R— R[D™1]is
the set f in R such that there exists ¢
in D satisfying cf = 0. For the map 7
to be injective, it is necessary and
sufficient that the set D contain no
zerodivisor in R.

For the map 7 to be bijection, it is
necessary and sufficient that every
element d in D be a unitin R. The
condition is necessary because d/1 is
unit in R[D~1]. It is sufficient because,
for any d in D, the element d is unit in
Rand f/d = fd~'/1in R[D™1].

The map from the polynomial ring
R[x] to Ry is defined by x + 1/f.

For any field K, the field K(x) of
rational functions is K[x]qy. Every
element in K(x) can be written as f/g
where f and g are polynomials in
K[x] and g is nonzero.
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6.1 Univariate Polynomials

Unlike fractions, long divison does not require a larger ring. As a
prototype, we focus on the polynomial ring R[x]: a polynomial is
a R-linear combination: f = a,x" + a,_; x" ! + --- + a; x + a,,
where a,,a,_;, ..., a, are in the commutative ring R. In particular,
the monomials x/ are independent over R, so 3} a; x/ = 3, by x* if
and only if a; = b; for any nonnegative integer j.

Ring homomorphisms on coefficient rings lift to the associated
polynomial rings.

6.1.1 Proposition. Let¢: R — S be a ring homomorphism. The map
Zj a; x* - Zj ®(a;) xJ defines a ring homomorphism from R[x] to
S[x]. For any ring element b in S, there exits a unique ring homomor-
phism @ : R[x] — S that agrees with the map ¢ on constant polynomials

Comment on the proof. The map ¢ is a composition of the first ring
homomorphism and the evaluation map ev, : S[x] — S defined by

evy(f) = f(b). O
Univariate polynomials come with an auxilary function.

6.1.2 Definition. For any nonzero polynomial f in R[x], the degree
deg(f) is the largest integer k such that the coefficient a; of the
monomial x* is nonzero. The nonzero element a,, in R satisfying
m = deg(f) is the leading coefficient of the polynomial. A monic
polynomial is one whose leading coefficient is 1.

6.1.3 Lemma. Let f and g be two nonzero polynomials in R[x].

When deg(f) # deg(g), the sum f + g is nonzero and its degree is
deg(f + g) = max(deg(f), deg(g)). Moreover, when deg(f) = deg(g),
the degree of the sum satisfies deg(f + g) < deg(f).

We have deg(fg) < deg(f)+deg(g) and equality holds if the leading
coefficient of f or g is a nonzerodivisor in R.

Proof. Let the leading coefficients of f and g be denoted by a,, and
b, respectively. Hence, the leading coefficient the sum f + g is a,,
when m > n and b,, when m < n. When m = n, the coefficient of
the monomial x™ in the sum f + g is a,, + b,, and the coefficients
of all monomials of higher-degree are zero, so deg(f + g) < m.
The coefficient of the monomial x™*" in the product fg is a,, b,
and the coefficients of all monomials of higher-degree are zero, so

deg(fg) < deg(f) + deg(g). O

6.1.4 Proposition. For any domain R, the polynomial ring R[x] is also
a domain and the units in R[x] are the units in R.

Proof. Suppose that f and g are nonzero polynomials in R[x]. Since
deg(fg) = deg(f) + deg(g) = 0, it follows that fg # 0. If fg =1,

More formally, an infinite sum with
finitely many nonzero coefficients.
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then we have deg(f) + deg(g) = deg(1) = 0. Hence, f and g are
both polynomials of degree 0 and, thereby, elements of R. O

6.1.5 Theorem. Let f and g be nonzero polynomials in R[x] of degrees

m and n respectively. Denote the leading coefficient of g by b,, and set

k := max(m — n + 1, 0). There existq and r in R[x] such that
bif=qg+r

where either r = 0 or deg(r) < n. When b,, is a nonzerodivisor in R, the

polynomials q and r are uniquely determined by these properties.

Proof. When m < n, it suffices to take ¢ = 0 and r = f. When
m 2= n, we proceed by induction on m. Write a,, for the leading
coefficient of f and set g := Z?:o b; xJ. Hence, we observe that
deg(bk f — bk~'a,, x™"g) < m. By the induction, there exists p
and r in R[x] such that b¥~1(b,, f —a,,x""™g) = pg+r wherer =0
or deg(r) < n. It follows that b f = (bk~'a,,x™ " + p)g + r and
q = bk'a,,x"™ + p, proving existence.

To establish uniqueness, consider polynomials q, q’, r, and ¥’ in
R[x] such that bk f = qg+r=q g+ r wherer = 0ordeg(r) <m
and ' = 0 or deg(r’) < m. It follows that (g — q')g = (¥ — r) where
r'—r=0ordeg(r' —r)<m. Asm+deg(q—q') =deg(r' —r)<m
is absurd, we conclude thatr =r'andq = q'. O

6.1.6 Definition. A root of polynomial f in R[x] is a ring element z
in R such thatev,(f) = f(z) = 0.

6.1.7 Corollary. For any polynomial f in R[x], there exists a polynomial
q in R[x] such that f(x) = q(x) (x — z) if and only if we have f(z) = 0.

Proof. Division implies that there exists polynomials g and 7 in R[x]
such that f(x) = q(x) (x — z) + r(x) where r = 0 or deg(r) < 1. In
particular, the element r lies in the ring R. Evaluating at z yields
f(2) = q(2)(0) + r, so we obtain f(x) = q(x)(x — z) + f(2). O

6.1.8 Proposition. Let f be a polynomialin R[x] and let z be an element
in R. For any nonnegative integer m, the following are equivalent:

a. the polynomial f is divisible by (x — z)"™ by not by (x — z)"™*!;

b. there exists g in R[x] such that f(x) = (x — z)™ g(x) and g(z) # 0.
Whenever f # 0, there exists a unique m satisfying these conditions.

Proof.

a=b: Follows from Corollary 6.1.7.

b=a: If f(x) = (x —z)™ g(x) where g does not have z as root, then
f is divisible by (x — z)™. Suppose that h in R[x] exists satisfying
f(x) = (x — z)™! h(x). As (x — z)™ is not a zerodivisor in R[x],
we would have g(x) = (x — z) h(x) implying that g(z) = 0 which
is contradiction. O
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When b,, is a unit in R, one typically
writes f = g’ g + r' where q’ := by;*q
and r’ := bp¥r.
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6.2 Multiplicity of Roots

For the deepest insights, we need to count the roots of a polynomial
correctly.

6.2.1 Definition. Let m be a nonnegative integer. For any f in R[x],
the element z in R is a root of multiplicity m if the polynomial f is
divisible by (x — z)" but not (x — z)™*!. A root of multiplicity 1is a
simple root and a root of multiplicity two is a double root.

6.2.2 Lemma. Letm andn be the multiplicities of the root z in R for the
polynomials f and g in R[x].
(sum) The sum f + g has a root of multiplicity at least min(m, n)

at z and is equal to min(m, n) whenever m # n.

(product) The product fg has a root of multiplicity at least m + n at
z and it is equal to m + n whenever R is domain.

Sketch of proof. Set f(x) = (x — z)™ p(x) and g(x) = (x — z)" q(x)

where p and q in R[x] satisfy p(z) # 0 # q(z). When m < n, we

have f(x) + g(x) = (x — z)™ (p(x) + (x — z)""™q(x)) and z is not

a root of p(x) + (x — z)™ " q(x) when m < n. Similarly, we also

have f(x)g(x) = (x — z)™" p(x)q(x) and p(z) q(z) # 0 when R is

a domain. O

6.2.3 Proposition. Let R be a domain. For any nonzero f in R[x] with
distinct roots z,, z,, ... , Z, having multiplicities m,, m,, ... ,m,, there is
a polynomial g in R[x] such that z4, z,, ... , z, are not roots of g and

J) == z)™ (x = 25)™ - (x = 2)™ g(x).

Proof. We proceed by induction on ¢. The case ¢ = 1 is covered by
Proposition 6.1.8. Suppose that

J(x) = (x—z)™ (x —2z)™ - (X = 2p_1)"¢1 h(X)
Since R is a domain and the root z, is distinct from z,, z,, ..., Z,_;,
it follows that z, is not a root of the polynomial
(x = z))™M (x = 2)™ -or (X — Zp_y) ™1
The element z, is a root of multiplicity m, of the polynomial 4 and
Proposition 6.1.8 yields h(x) = (x —z,)" g(x) where z1,2,, ... ,2Z,_;
are not roots of the polynomial g. O

6.2.4 Corollary. LetR be a domain. For any nonzero f in R[x] of degree
m, the sum of multiplicities of all the roots of f is at most m. O

To bound the number of roots via the degree, some hypothesis
on the coefficient ring is necessary.

6.2.5 Example. Let n be a positive integer. Over the product ring
R= H;-l:o Z/(2), all 2"*1 elements are roots of the polynomial x? — x
in R[x], because addition and multiplication in coefficient ring R
are defined pointwise and x? — x = x(x — 1). <&
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6.2.6 Corollary. Let R be a domain. Consider nonzero polynomials f
and g in R[x]. When there are distinct elements z, z1, ... , Z,, in R such
that f(z;) = g(z;) forall0 < i < m, we have f = g.

Proof. The polynomial h := f — g has degree at most m and has at
least m + 1 roots, so h = 0. O

6.2.7 Proposition. Let z,, z;, ..., Z,, be distinct elements in a field K.

For any elements by, by, ..., b,, in K, there exists a unique polynomial f
in K[x] of degree at most m such that f(z;) = bj forany0 < j < m.

Proof. Uniqueness follows from Corollary 6.2.6. For each index j
satisfying 0 < j < m, consider the polynomial

gj(x) H (x Zk)

k#j (ZJ Zk)

It follows that deg(g;) = m and g;(zx) = J;k. Therefore, we may
m
take f(x) := ijo b; g;(x). O
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Although these polynomials are
commonly named after Joseph-Louis
Lagrange (1795), they were explicitly
described in an earlier paper by
Edward Waring (1779).
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6.3 Euclidean Domains

Long division requires an appropriate auxilary function.
6.3.1 Definition. A Euclidean domain is a domain R equipped with a
function v: R\ {0} = N such that, for any f in R and any g in R \ {0},

there exists elements q and 7 in R such that f = qg + r and either
r =0 orv(r) < v(g).

6.3.2 Example. The integers Z form a Euclidean domain where the

function v: Z \ {0} = N is defined, for any m in Z, by v(m) := |m|.

To see this, fix integers m and n. Consider all nonnegative integers
of the form m — jn where j is also an integer. Define r to be the
smallest nonnegative integer of the form m — jn and define q to be
the integer j occurring in the expression r = m — jn. We conclude
that m = gn + r where either r =0 or r = |r| < |n|. <

6.3.3 Example. For any field K, the polynomial ring K[x] forms a
Euclidean domain where the function v: K[x] \ {0} = N is defined,
for any polynomial f in K[x], by v(f) := deg(f). &

6.3.4 Example. For any field K, the power series ring K[[x]] is a
Euclidean domain where the function v : K[[x]]\ {0} = Nis defined,
for any f in K[[x]], by »(f) = ord(f) and

ord(f) := min(k | ay # 0 where f =3, . a; xk).
When m = ord(f) < ord(g) = n, we have f = 0g + f. Otherwise
m > n, we have f = x™p and g = x"* q where p and q in K[[x]] are
units, so f = x™ " pqlg+0. >

6.3.5 Example. We claim that the ring Z[i] is a Euclidean domain
where v: Z[i] — N is defined by v(a + bi) := a? + b?.

Geometric Reasoning: The elements of Z[i] form a square lattice
in C. The ideal (z), all multiples of z, forms a similar lattice: if we
write z = re'%, then the lattice corresponding to (z) is obtained by
rotating through the angle 6 followed by stretching by the factor
r = |z|. Itis clear that for every w in C, there is at least one point of
the lattice corresponding to (z) whose square distance from w is at
most (1/2) |z|*. Let that point be gz and set p := w — gz. It follows
that |p|> < (1/2)|z)> < |z|* as required. Since there may be more
than one choice for gz, this division with remainder is not unique.

Algebraic Reasoning: Divide w in C by z: w = cz where ¢ = x + yi
in C. Choose a nearest Gaussian integer: x ;= a+ xy, ¥y := b+ Y,
where a and b are integers and —1/2 < Xy, Y, < 1/2. It follows that
the product (a + bi)z is the required point in (z) because we have
|Xo + Voil> <1/2 and |w — (a + bi)z|* = |z(x, + YoD)|* < (1/2)|z]?. <

6.3.6 Definition. A principalideal domainisadomain in which every
ideal is principal: generated by a single element.
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6.3.7 Theorem. Every Euclidean domain is a principal ideal domain.

Proof. LetI be anideal in a Euclidean domain R. When I = (0), the
ideal I is principal, so we may assume I # (0). By the well-ordering
property of the integers, the set of all degrees of nonzero elements
in I has a minimum, say n. Choose f in I with v(f) = n. As f in
I, we have (f) C I. For any g in I, there exists q and r in R such
that g = q f + r and either r = 0 or v(r) < v(f). However, we have
r = f —qg € I so our choice of f implies that » = 0. Therefore, we
deduce thatg =q fand I C (f). O

6.3.8 Example. We claim that the ideal (2, x) in Z[x] is not principal.

Suppose that {f) = (2, x) for some polynomial f in Z[x]. It follows
that g f = 2 for some gin Z[x]. Since deg(g) + deg(f) = deg(2) = 0,

we deduce that f and g are integers. Hence, we have f = {+1, +2}.

Since (2, x) is a maximal ideal, the element f cannot be a unit, so
f = x2. However, we would also have x € (f), so x = 2h for some h
in Z[x] which is absurd. 3

6.3.9 Example. We claim that the ideal (2,1 —/=3) in Z[\/-3] € C
is not principal. Suppose that {(a + b\/—_3> =(2,1—- \/—_3> for some
integers a and b. It follows that g(a + by/=3) = 2 for some g in
Z[/-3]. Taking absolute values in C gives |g| (a> + 3b%) = 2, so
a? + 3b? € {*+1,+2}. Because a and b are integers, we must have
a = *1 and b = 0 which contradicts the fact that (2,1 — \/—_3> isa
maximal ideal. <>

6.3.10 Example. The rings

« Z[a]l ={a+ba|a,b € Z} c C where a:= (1 +/-19)/2,

« Rx,yl/ (x> +y* +1),

o Q[x,y]/(y*—2x*-5),

are principal ideal domains but not Euclidean domains. For more

details, see

+ Jack C. Wilson, A principal ideal ring that is not a Euclidean ring,
Mathematics Magazine 46 (1973) 34-38;

« Anthony J. Bevelacqua, A family of non-Euclidean PIDs, American
Mathematical Monthly 123 (2016), no. 9, 936-939. <&
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6.4 Exercises

6.4.1 Problem. Determine which of the following statements are
true. If a statement is false, then provide a counterexample.
i. The product of any two multiplicative sets is multiplicative.
ii. Every domain is isomorphic to a subring of a field.
iii. The ring Q[i] := {a + bi | a,b € Q} is isomorphic to the field
of fractions for the ring Z[i] := {a + bi | a,b € Z}.
iv. Any field K is a Euclidean domain when equipped with the
function v: K \ {0} — N defined, for any nonzero k in K, by
v(k) =1.

6.4.2 Problem. Consider two multiplicative subsets D and E in a
commutative ring R satisfying D C E. Let ¢ : R[D~!] » R[E~!] be
the ring homomorphism defined, for any fraction r/d in R[D!], by
@(r/d) = r/d. Prove that the following statements are equivalent:
a. The map ¢ is a ring isomorphism.

b. For any e in E, the fraction e/1 is a unit in R[D71].

c. For any e in E, there exists an s in R such thates € D.

6.4.3 Problem. For any field K, let K((x)) be ring of formal Laurent
series with coefficients in K:

K(x):= {g} a;x!

aieK,meZ}

where the ring operations are defined as in the ring of formal power
series K[[x]]. Prove that the commutative ring K ((x)) is isomorphic
to the fields of fractions for the domain K[[x]].

6.4.4 Problem. Let R be a commutative ring. Consider the derivative
operator D : R[x] — R[x] defined, for any polynomial

f=a,x"+a,_ 1 x" 1+ +a,x+a
in R[x], by
D(f)=(na)x" '+ ((n—1a,1)x" 2+ +a,.

i. Prove that the operator D is an R-linear map: for any r and s in
the coefficient ring R, and any f and g in the polynomial ring
R[x], we have D(r f +sg) = r D(f) + s D(g).

ii. Prove that the operator D satisfies the Leibniz product rule: for
any f and g in the polynomial ring R[x], we have

D(fg)=D(f)g+ fD(g).

iii. Let f be a polynomial in R[x]. Assume that z in R is root of f
having multiplicity m with m = 1. Prove that z is also a root of
the derivative D(f) having multiplicity at least m — 1. Moreover,
when the product m 13 is invertible in R, prove that z is a root of
the derivative D(f) having multiplicity m — 1.

Can the false statements be salvaged
in some way? In other words, can one
find a closely related nontrivial true
statement.
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6.4.5 Problem. Let w := %(—1 +1/31i) be one of the complex roots
of the polynomial x? + x + 1 in C[x]. Prove that the commutative
domain Z[w] := {a + bw | a,b € Z} c C is a Euclidean domain
with the function v: Z[w]— N defined, for any a + bw in Z[w], by
v(a+bw)=a’>—ab + b%
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