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Ⅿuch like division, being able to express elements as a product of
simpler elements distinguishes certain kinds of commutative rings.

7.0 Greatest Ⅽommon Ⅾivisors
A greatest common divisor can be defined in any commutative ring.

7.0.1 Ⅾefinition. Ⅼet 𝑎 and 𝑏 be nonzero elements in a commutative
ring 𝑅. An element 𝑑 in 𝑅 is a greatest common divisor of 𝑎 and 𝑏,
denoted by 𝑑∶= gcd(𝑎, 𝑏), if
(common divisor) the element 𝑑 divides both 𝑎 and 𝑏, and

(greatest) any element 𝑐 in 𝑅, which divides both 𝑎 and 𝑏,
also divides 𝑑.

Ⅿore pedantically, there exists
elements 𝑝 and 𝑞 in 𝑅 such that𝑎 = 𝑑𝑝 and 𝑏 = 𝑑𝑞.

A greatest common divisor may not exist or may not be unique.

7.0.2 Example. We have 9 = (3)(3) = (2 + √−5)(2 − √−5) in the
domain ℤ[√−5] ∶= {𝑎 + 𝑏√−5 || 𝑎, 𝑏 ∈ ℤ} ⊂ ℂ. Both 3 and 2 + √−5
divide 9, but neither divides the other. Thus, the elements 9 and6 + 3√−5 do not have a greatest common divisor in ℤ[√−5]. ⟡
7.0.3 Example. Ɪn a field, any nonzero element is a unit and, thereby,
divides any element. Ergo, for any pair of nonzero elements, any
nonzero element is a greatest common divisor. ⟡
Ɪn a domain, we can understand all the greatest commondivisors

for a fixed pair of nonzero elements.

7.0.4 Ⅼemma. Ⅼet 𝑑 be a greatest common divisor for nonzero elements𝑎
and 𝑏 in a domain𝑅. An element 𝑒 in𝑅 is also a greatest common divisor
for 𝑎 and 𝑏 if and only if there exists a unit 𝑢 in 𝑅 such that 𝑒 = 𝑢𝑑.

When 𝑅 = ℤ, we typically impose
uniqueness by requiring the greatest
common divisor to be positive. When𝐾 is field and 𝑅 = 𝐾[𝑥], we force
uniqueness by requiring the greatest
common divisor to be monic.

Proof. Suppose that 𝑒 is a greatest common divisor for 𝑎 and 𝑏. As𝑒 divides 𝑎 and 𝑏, it follows that 𝑒 divides 𝑑. Similarly, 𝑑 divides 𝑎
and 𝑏, so 𝑑 divides 𝑒. Hence, there exists elements 𝑢 and 𝑣 in𝑅 such
that 𝑑 = 𝑢𝑒 and 𝑒 = 𝑣𝑑. Ɪt follows that 𝑑 = 𝑢𝑒 = 𝑢𝑣𝑑. Because 𝑅 is
a domain, we deduce that 1 = 𝑢𝑣.
Ⅽonversely, suppose there exists a unit 𝑢 in 𝑅 such that 𝑒 = 𝑢𝑑.

Since 𝑑 divides 𝑎, there exists 𝑥 in 𝑅 such that 𝑎 = 𝑥𝑑 = 𝑥𝑢−1𝑒, so𝑒 divides 𝑎. By symmetry, 𝑒 also divides 𝑏. Assume that 𝑐 divides 𝑎
and 𝑏. Since 𝑑 is a greatest common divisor for 𝑎 and 𝑏, there exists𝑤 in 𝑅 such that 𝑑 = 𝑤𝑐, so 𝑒 = 𝑢𝑤𝑐. Thus, 𝑒 is also a greatest
common divisor for 𝑎 and 𝑏.
Greatest common divisors exist in any principal ideal domain.

7.0.5 Theorem. For any nonzero elements 𝑎 and 𝑏 in a principal ideal
domain 𝑅, there exists 𝑥 and 𝑦 in 𝑅 such that gcd(𝑎, 𝑏) = 𝑎𝑥 + 𝑏𝑦. Ɪn
particular, we have ⟨gcd(𝑎, 𝑏)⟩ = ⟨𝑎, 𝑏⟩.

The history of the equation𝑎𝑥 + 𝑏𝑦 = gcd(𝑎, 𝑏) is more
complicated and interesting than one
might guess; see Granville (2024).
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Proof. Ⅽonsider the ideal 𝐼 ∶= ⟨𝑎, 𝑏⟩. Since 𝑅 is a principal ideal
domain, there is a 𝑑 in 𝑅 such that 𝐼 = ⟨𝑑⟩, so 𝑑 = 𝑎𝑥 + 𝑏𝑦 for some𝑥 and 𝑦 in 𝑅. Both 𝑎 and 𝑏 are in 𝐼 and 𝐼 is generated by 𝑑, so 𝑑
divides 𝑎 and 𝑏. On the other hand, if an element 𝑐 divides 𝑎 and 𝑏,
then 𝑐 divides 𝑎𝑥 + 𝑏𝑦 = 𝑑. We deduce that 𝑑 = gcd(𝑎, 𝑏).
Any generator for the ideal ⟨𝑎, 𝑏⟩ is a greatest common divisor

of 𝑎 and 𝑏. Ⅼemma 7.0.4 shows that, for any two greatest common
divisors 𝑑 and 𝑒, there exists a unit 𝑢 in 𝑅 such that 𝑒 = 𝑢𝑑 and𝑑 = 𝑢−1𝑒. Thus, we have ⟨𝑒⟩ ⊆ ⟨𝑑⟩ and ⟨𝑑⟩ ⊆ ⟨𝑒⟩, so ⟨𝑑⟩ = ⟨𝑒⟩.

A domain in which a greatest common
divisor of every pair of nonzero
elements is a linear combination of
the two elements is a Bézout domain.

Greatest common divisors are computable in Euclidean domains.

7.0.6 Ⅼemma. Ⅼet 𝑎 and 𝑏 be nonzero elements in an Euclidean domain𝑅. For any 𝑞 and 𝑟 in𝑅 such that 𝑎 = 𝑞𝑏+𝑟 with 𝑟 ≠ 0 and 𝜈(𝑟) < 𝜈(𝑏),
we have gcd(𝑎, 𝑏) = gcd(𝑏, 𝑟).
Proof. Ⅼet 𝑑 ∶= gcd(𝑎, 𝑏). As 𝑑 divides 𝑎 and 𝑏, this ring element
divides 𝑎 − 𝑞𝑏 = 𝑟. Ⅿoreover, any element 𝑐, dividing 𝑏 and 𝑟, also
divides 𝑎 = 𝑏𝑞+ 𝑟. Ɪt follows that 𝑐 divides 𝑑. We deduce that 𝑑 is a
greatest common divisor of 𝑏 and 𝑟.
7.0.7 Algorithm (Extended Euclidean Algorithm).
Ɪnput: Ⅼet 𝑎 and 𝑏 be elements in a Euclidean domain 𝑅.
Output: Elements 𝑥 and 𝑦 in 𝑅 such that 𝑎𝑥 + 𝑏𝑦 = gcd(𝑎, 𝑏).
Set (𝑟′, 𝑟, 𝑠′, 𝑠, 𝑡′, 𝑡)∶= (𝑎, 𝑏, 1, 0, 0, 1);
While 𝑟 ≠ 0 do

Find elements 𝑞 and 𝑟″ in 𝑅 such that𝑟′ = 𝑞 𝑟 + 𝑟″ where 𝑟″ = 0 or 𝜈(𝑟″) < 𝜈(𝑟);
Set (𝑟′, 𝑟, 𝑠′, 𝑠, 𝑡′, 𝑡)∶= (𝑟, 𝑟′ − 𝑞 𝑟, 𝑠, 𝑠′ − 𝑞 𝑠, 𝑡, 𝑡′ − 𝑞 𝑡);

Return (𝑠′, 𝑡′).

Representing the local variables in the
matrix [ 𝑟′ 𝑠′ 𝑡′𝑟 𝑠 𝑡 ], the body of the loop
performs two elementary row
operations: adding −𝑞 times the
second row to the first row, and then
swapping the two rows.

Outline of proof. The remainders 𝑟 produce a decreasing sequence𝜈(𝑟) of nonnegative integers, so eventually one of the remainders
must be zero. Thus, the while‑loop must terminate. Ⅼemma 7.0.6
gives gcd(𝑎, 𝑏) = gcd(𝑟′, 𝑟), and one verifies that the equations 𝑟 =𝑠𝑎 + 𝑡 𝑏 and 𝑟′ = 𝑠′ 𝑎 + 𝑡′ 𝑏 hold throughout.
7.0.8 Example. When𝑅 = 𝔽3[𝑥],𝑓 = 𝑥3+2𝑥2+2, and 𝑔 = 𝑥2+2𝑥+1,
Algorithm 7.0.7 gives𝑟′ 𝑟 𝑠′ 𝑠 𝑡′ 𝑡 𝑞𝑥3 + 2𝑥2 + 2 𝑥2 + 2𝑥 + 1 1 0 0 1 𝑥𝑥2 + 2𝑥 + 1 2𝑥 + 2 0 1 1 2𝑥 2𝑥 + 22𝑥 + 2 0 1 𝑥 + 1 2𝑥 2𝑥2 + 2𝑥 + 1

Table 7.1: Ⅴalues of the local
variables when using
Algorihm 7.0.7 to compute
gcd(𝑥3 + 2𝑥2 + 2, 𝑥2 + 2𝑥 + 1)

Wehave (1)(𝑥3+2𝑥2+2)+(2𝑥)(𝑥2+2𝑥+1) = 2𝑥+2 = gcd(𝑓, 𝑔). ⟡
Ⅽopyright © 2025 by Gregory G. Smith
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7.0.9 Example. When 𝑎 = 1254, and 𝑏 = 1110, Algorithm 7.0.7 gives𝑟′ 𝑟 𝑠′ 𝑠 𝑡′ 𝑡 𝑞1254 1110 1 0 0 1 11110 144 0 1 1 −1 7144 102 1 −7 −1 8 1102 42 −7 8 8 −9 242 18 8 −23 −9 26 218 6 −23 54 26 −61 36 0 54 −185 −61 209

Table 7.2: Ⅴalues of the local
variables when using
Algorihm 7.0.7 to compute
gcd(1254, 1110)

Wededuce that (54)(1254)+(−61)(1110) = 6 = gcd(1254, 1110). ⟡
7.1 Unique Factorization
Ⅽommutative rings that enjoy some analogue of the fundamental
theorem of arithmetic are particularly interesting.

7.1.1 Ⅾefinition. A ring element 𝑎 is irreducible if 𝑎 is nonzero, 𝑎 is
not a unit, and the relation 𝑎 = 𝑏𝑐 implies that either 𝑏 or 𝑐 is a unit.
7.1.2 Example. The quotient ring ℤ/⟨6⟩ has no irreducible elements
because 2 = (2)(4), 3 = (3)(3), 4 = (2)(2), and (ℤ/⟨6⟩)× = {1, 5}.
Without irreducibles, an element may have many factorizations:4 = (2)(2) = (2)(2)(2)(2) = (2)(2)(2)(2)(2)(2) = ⋯ . ⟡
By avoiding zerodivisors, being prime implies being irreducible.

7.1.3 Ⅼemma. Ⅼet 𝑓 be an element in a domain 𝑅. When the principal
ideal ⟨𝑓⟩ is prime, the element 𝑓 is irreducible.
Proof. Suppose that 𝑓 = 𝑔ℎ for some elements 𝑔 and ℎ in 𝑅. As the
ideal ⟨𝑓⟩ is prime, Proposition 5.3.8 shows that 𝑓 divides either 𝑔 orℎ. We may assume that 𝑓 divides 𝑔, so there exists 𝑞 in 𝑅 such that𝑔 = 𝑞𝑓. Ɪt follows that 𝑓 = 𝑔ℎ = 𝑞𝑓ℎ. Since 𝑅 is a domain, we
deduce that 1 = 𝑞ℎ, so ℎ is a unit and 𝑓 is irreducible.
7.1.4 Example. Ⅽonsider the subring ℂ[𝑥2, 𝑥3] ⊂ ℂ[𝑥]. Ⅽomparing
degrees, we see that 𝑥2 and 𝑥3 are irreducible. They are not prime
because 𝑥2 divides (𝑥3)2 = 𝑥6 but 𝑥2 does not divide 𝑥3, and 𝑥3 di‑
vides 𝑥4 𝑥2 = 𝑥6 but 𝑥3 does not divide either 𝑥4 or 𝑥2. ⟡
7.1.5 Example. We claim that the element 2 inℤ[√−3] is irreducible
but not prime. Suppose that 2 = (𝑎 + 𝑏√−3)(𝑐 + 𝑑√−3) for some
integers 𝑎, 𝑏, 𝑐, and 𝑑. Ɪt follows that 2 = (𝑎 − 𝑏√−3)(𝑐 − 𝑑√−3)
and 4 = (𝑎2 + 3𝑏2)(𝑐2 + 3𝑑2). As the equation 𝑥2 + 3𝑦2 = 2 has no
integral solutions, we see that 𝑎2 + 3𝑏2 = 1, so 𝑎 = ±1 and 𝑏 = 0.
Since 2(𝑝+𝑞√−3) = 1 has no integral solutions, the element 2 is not
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a unit. We deduce that 2 is irreducible. To see that 2 is not prime,
observe that 2 divides 4 = (1+√−3)(1−√−3), but 2 does not divide
either factor. ⟡
7.1.6 Proposition. For any element 𝑓 in a principal ideal domain 𝑅, the
following are equivalent:
a. the element 𝑓 is irreducible,
b. the ideal ⟨𝑓⟩ is a nonzero maximal ideal,
c. the ideal ⟨𝑓⟩ is a nonzero prime ideal.
Proof.
a⇒b: Suppose that ⟨𝑓⟩ ⊆ ⟨𝑔⟩ for some 𝑔 in 𝑅. Equivalently, there
exists ℎ in 𝑅 such that 𝑓 = 𝑔ℎ. Since 𝑓 is irreducible, either 𝑔 or ℎ
is a unit, so ⟨𝑓⟩ = ⟨𝑔⟩ or ⟨𝑔⟩ = 𝑅. Because every ideal is prinicipal,
we see that ⟨𝑓⟩ is maximal.

b⇒c: Every nonzero maximal ideal is a nonzero prime ideal.
c ⇒a: Follows from Ⅼemma 7.1.3.
7.1.7 Ⅾefinition. A domain 𝑅 is a unique factorization domain if
(factorization) every nonzero 𝑓 in 𝑅 can be written in the form𝑓 = 𝑢∏𝑚𝑗=1 𝑔𝑒𝑗𝑗 where 𝑢 is a unit, each element 𝑔𝑗

is irreducible, and each 𝑒𝑗 is a positive integer;
(uniqueness) when 𝑓 = 𝑢∏𝑚𝑗=1 𝑔𝑒𝑗𝑗 = 𝑣∏𝑛𝑗=1 ℎℓ𝑗𝑗 are two such

factorizations, we have𝑚 = 𝑛 and 𝑔𝑗 = 𝑐𝑗 ℎ𝜎(𝑗) for
someunits 𝑐𝑗 in𝑅 and somepermutation𝜎 ∈ 𝔖𝑚.

7.1.8 Proposition. Ⅼet 𝑅 be a domain in which every nonzero nonunit is
a product of irreducibles. The ring 𝑅 is a unique factorization domain if
and only if, for any irreducible element 𝑓 in 𝑅, the ideal ⟨𝑓⟩ is prime.
Proof. Suppose that𝑅 is a unique factorizationdomain. Given 𝑔 andℎ in 𝑅 such that 𝑔ℎ ∈ ⟨𝑓⟩, there exists a 𝑞 in 𝑅 such that 𝑔ℎ = 𝑞𝑓.
Factor 𝑔, ℎ, and 𝑞 into irreducibles. The uniqueness of factorization
implies that the irreducible 𝑢𝑓, for some unit 𝑢 in 𝑅 appears in the
factorization of 𝑔ℎ. This element is a factor of 𝑔 or ℎ, so 𝑔 ∈ ⟨𝑓⟩ orℎ ∈ ⟨𝑓⟩. Proposition 5.3.8 shows the principal ideal ⟨𝑓⟩ is prime.
Ⅽonversely, suppose that any ideal generated by an irreducible

element is prime. Ⅽonsider two factorizations𝑔1 𝑔2 ⋯ 𝑔𝑚 = ℎ1 ℎ2 ⋯ ℎ𝑛
where 𝑔𝑗 and ℎ𝑘 are irreducible elements in 𝑅 for all 1 ⩽ 𝑗 ⩽ 𝑚 and1 ⩽ 𝑘 ⩽ 𝑛. We proceed, by induction onmax{𝑚,𝑛} ⩾ 1, to show that𝑚 = 𝑛 and 𝑔𝑗 = 𝑐𝑗 ℎ𝜎(𝑗) for some units 𝑐𝑗 and 𝜎 ∈ 𝔖𝑚. The base step
max{𝑚,𝑛} = 1 has 𝑔1 = ℎ1, so the claim is trivial. For the inductive
step, the given equation shows that 𝑔𝑚 divides ℎ1 ℎ2 ⋯ ℎ𝑛. As the
ideal ⟨𝑔𝑚⟩ is prime, there exists 1 ⩽ 𝑘 ⩽ 𝑛 such that 𝑔𝑚 divides ℎ𝑘.
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Since ℎ𝑘 is irreducible, there exists a unit 𝑐𝑘 such that 𝑔𝑚 = 𝑐𝑘ℎ𝑘.
Ⅽanceling 𝑔1 from both sides yields𝑔1 𝑔2 ⋯𝑔𝑚−1 = 𝑐𝑘 ℎ1 ℎ2 ⋯ ℎ𝑘−1 ℎ𝑘+1⋯ ℎ𝑛 .
The induction hypothesis shows that𝑚−1 = 𝑛−1 and 𝑔𝑗 = 𝑐𝑗 ℎ𝜎(𝑗)
for some units 𝑐𝑗 in𝑅, for all 2 ⩽ 𝑗 ⩽ 𝑚−1, and some 𝜎 ∈ 𝔖𝑚−1.

Ⅽopyright © 2025 by Gregory G. Smith
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7.2 Noetherian Rings
An exceptionally important class of rings is named in honour of
Emmy Noether.

7.2.1 Ⅾefinition. A commutative ring 𝑅 is noetherian if any weakly
ascending chain of ideals in 𝑅 is eventually constant. Equivalently,
for any sequence of nested ideals𝐼0 ⊆ 𝐼1 ⊆ ⋯ ⊆ 𝐼𝑘−1 ⊆ 𝐼𝑘 ⊆ 𝐼𝑘+1 ⊆ ⋯ ,
there exists a nonnegative integer𝑚 such that 𝐼𝑚 = 𝐼𝑚+1 = ⋯ .

The ascending chain condition was
first studied by Emmy Noether (1921),
but the nomenclature was introduced
by Ⅽlaude Ⅽhevalley (1943).

7.2.2 Example. Having only two ideals, any field is noetherian. ⟡
7.2.3 Example. The polynomial ringℚ[𝑥0, 𝑥1, 𝑥2,…]with infinitely
many variables is not noetherian because there exists an increasing
sequence of distinct ideals ⟨𝑥0⟩ ⊂ ⟨𝑥0, 𝑥1⟩ ⊂ ⟨𝑥0, 𝑥1, 𝑥2⟩ ⊂ ⋯ . ⟡
7.2.4 Ⅼemma. Ⅼet 𝑅 be ring. For any ascending chain 𝐼0 ⊆ 𝐼1 ⊆ 𝐼2 ⊆ ⋯
of ideals in 𝑅, the union 𝐼 = ⋃∞𝑗=0 𝐼𝑗 is an ideal in 𝑅. Ⅿoreover, when 𝐼 is
finitely generated, there exists a nonnegative integer𝑚 such that 𝐼 = 𝐼𝑚.
Proof. Ⅼet𝑓 and 𝑔 be elements in the union 𝐼 and let 𝑟 be an element
in 𝑅. There exists nonnegative integers 𝑖 and 𝑗 such that 𝑓 ∈ 𝐼𝑖 and𝑔 ∈ 𝐼𝑗 . We may assume 𝑗 ⩾ 𝑖. As 𝐼𝑖 ⊆ 𝐼𝑗 , we deduce that 𝑓 ∈ 𝐼𝑗 .
Since 𝐼𝑗 is an ideal, it follows that 𝑟𝑓 + 𝑔 ∈ 𝐼𝑗 ⊆ 𝐼, so 𝐼 is an ideal.
Suppose that 𝐼 = ⟨𝑓1, 𝑓2,… ,𝑓𝑛⟩ for some 𝑓1, 𝑓2,… ,𝑓𝑛 in 𝑅. For

any index 𝑖 satisfying 1 ⩽ 𝑖 ⩽ 𝑛, there is a nonnegative integer ℓ(𝑖)
such that 𝑓𝑖 ∈ 𝐼ℓ(𝑖). Setting 𝑚 ∶= max{ℓ(1), ℓ(2),⋯ , ℓ(𝑛)} gives𝑓𝑖 ∈ 𝐼𝑚 for all 1 ⩽ 𝑖 ⩽ 𝑛. We obtain 𝐼 = ⟨𝑓1, 𝑓2,… ,𝑓𝑛⟩ ⊆ 𝐼𝑚 ⊆ 𝐼, so𝐼 = 𝐼𝑚.
7.2.5 Theorem. A commutative ring 𝑅 is noetherian if and only if every
ideal in 𝑅 is finitely generated.
Proof. Suppose that the ring 𝑅 is noetherian. Ⅼet 𝐼 be an ideal in 𝑅.
Ɪf 𝐼 = ⟨0⟩, then it is finitely generated. Otherwise, pick a nonzero
element 𝑓0 in 𝐼. Ɪf 𝐼 = ⟨𝑓0⟩, then 𝐼 is finitely generated. Otherwise,
pick an element 𝑓1 in 𝐼 ∖ ⟨𝑓0⟩. Ɪf 𝐼 = ⟨𝑓0, 𝑓1⟩ then 𝐼 is again finitely
generated. Otherwise, continue this process. Failing to produce a
finite set of generators for 𝐼 would give the strictly ascending chain⟨𝑓0⟩ ⊂ ⟨𝑓0, 𝑓1⟩ ⊂ ⟨𝑓0, 𝑓1, 𝑓2⟩ ⊂ ⋯ , contradicting noetherianity.
Ⅽonversely, suppose that every ideal in 𝑅 is finitely generated.

Ⅽonsider an ascending chain 𝐼0 ⊆ 𝐼1 ⊆ 𝐼2 ⊆ ⋯ of ideals in 𝑅 and
the union 𝐼 ∶= ⋃∞𝑗=0 𝐼𝑗 . Ⅼemma 7.2.4 shows that 𝐼 is ideal. Every ideal
in 𝑅 is finitely generated, so Ⅼemma 7.2.4 also shows that there is a
nonnegative integer𝑚 such that 𝐼 = 𝐼𝑚 = 𝐼𝑚+1 = ⋯ .
7.2.6 Ⅽorollary. Every principal ideal domain is noetherian.

For any field 𝐾, the rings ℤ, 𝐾[𝑥], and𝐾[[𝑥]] are noetherian.
Ⅽopyright © 2025 by Gregory G. Smith
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7.2.7 Proposition. Every principal ideal domain is a unique factorization
domain.

Proof. Ⅽombining Proposition 7.1.6 and Proposition 7.1.8, it enough
to prove that every nonzero nonunit in a principal ideal domain is
a product of irreducibles. Suppose that 𝑅 is principal ideal domain
and the nonzero nonunit 𝑓 in 𝑅 is not a product of irreducibles. As𝑓 is not irreducible, it follows that 𝑓 = 𝑔ℎ where neither 𝑔 and ℎ
are units. Were both 𝑔 and ℎ a product of irreducibles, so would𝑓 be. Hence, at least one factor, say 𝑔, is not irreducible. We have⟨𝑓⟩ ⊂ ⟨𝑔⟩. Repeating this process, we produce an ascending chain
of ideals that is not eventually constant. However, Ⅽorollary 7.2.6
shows that 𝑅 is noetherian which is a contradiction.
7.2.8 Ⅽorollary (Fundamental theorem of arithmetic). Any nonzero
integer𝑚 can be written as𝑚 = 𝑢𝑝1 𝑝2 ⋯ 𝑝ℓ where 𝑢 = ±1, each 𝑝𝑗 is
prime integer, and ℓ ⩾ 0. This expression is unique except for the ordering
of the primes.

7.2.9 Hilbert Basis Theorem. For any noetherian commutative ring 𝑅,
the polynomial ring 𝑅[𝑥] is also noetherian. The initial version of this theorem was

proved by Ⅾavid Hilbert (1890) in his
seminal article on invariant theory.

Proof. Ⅼet 𝐽 be an ideal in 𝑅[𝑥]. We claim that 𝐽 is finitely gener‑
ated. For all nonnegative integers 𝑛, let 𝐼𝑛 be the set of all leading
coefficients of polynomials of degree 𝑛 in 𝐽. From the definition of
addition and multiplication in 𝑅[𝑥], we see that 𝐼𝑛 is an ideal in 𝑅.
Observe that 𝐼𝑛 ⊆ 𝐼𝑛+1 because the membership 𝑓 = 𝑎𝑥𝑛 +⋯ ∈ 𝐼𝑛
implies 𝑥𝑓 = 𝑎𝑥𝑛+1 + ⋯ ∈ 𝐼𝑛+1. As 𝑅 is noetherian, there exists
a nonnegative integer 𝑚 such that 𝐼𝑚 = 𝐼𝑚+1 = ⋯ and, for all0 ⩽ 𝑖 ⩽ 𝑚, each 𝐼𝑖 = ⟨𝑎𝑖,1, 𝑎𝑖,2,… , 𝑎𝑖,𝑘𝑖 ⟩ for some positive integer 𝑘𝑖
and some elements 𝑎𝑖,1, 𝑎𝑖,2,… , 𝑎𝑖,𝑘𝑖 in 𝑅. Ⅽhoose elements 𝑓𝑖,𝑗 ∈ 𝐽
such that the leading coefficient of 𝑓𝑖,𝑗 = 𝑎𝑖,𝑗 for all 0 ⩽ 𝑖 ⩽ and1 ⩽ 𝑗 ⩽ 𝑘𝑖 . We claim that 𝐽 is generated these polynomials.
Suppose there is a polynomial 𝑔 in 𝐽 of minimal degree 𝑛 such

that 𝑔 ∉ 𝐽′ ∶= ⟨𝑓𝑖,𝑗 || 0 ⩽ 𝑖 ⩽ 𝑚 and 1 ⩽ 𝑗 ⩽ 𝑘𝑖⟩. Set ℓ ∶= min(𝑚,𝑛).
The definition of the ideal 𝐼ℓ implies that the leading coefficient of𝑔 has the form 𝑟1 𝑎ℓ,1 + 𝑟2 𝑎ℓ,2 +⋯+ 𝑟𝑘ℓ 𝑎ℓ,𝑘ℓ for some 𝑟1, 𝑟2,… , 𝑟𝑘ℓ
in 𝑅. Ɪt follows that ℎ∶= 𝑔−𝑥𝑛−ℓ(𝑟1 𝑓ℓ,1 +𝑟2 𝑓ℓ,2 +⋯+𝑟𝑘ℓ 𝑓ℓ,𝑘ℓ) has
degree less that 𝑛. Our choice of 𝑔 guarantees that ℎ ∈ 𝐽′. However,
this implies that 𝑔 = ℎ+𝑥𝑛−ℓ(𝑟1 𝑓ℓ,1+𝑟2 𝑓ℓ,2+⋯+𝑟𝑘ℓ 𝑓ℓ,𝑘ℓ) belongs
to 𝐽′, which contradicts our supposition.
7.2.10 Ⅽorollary. For any nonnegative integer 𝑛 and any noetherian ring𝑅, the polynomial ring 𝑅[𝑥1, 𝑥2,… ,𝑥𝑛] is also noetherian.
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7.3 Factoring polynomials
We showcase the basic features of polynomial factorization.

7.3.1 Ⅾefinition. Ⅼet 𝑅 be a unique factorization domain and let𝑓∶= 𝑎𝑚 𝑥𝑚 + 𝑎𝑚−1 𝑥𝑚−1 +⋯+ 𝑎1 𝑥 + 𝑎0 ∈ 𝑅[𝑥] .
The content of 𝑓 is defined to be cont(𝑓) ∶= gcd(𝑎𝑚, 𝑎𝑚−1,… ,𝑎0).
The polynomial 𝑓 is primitive if cont(𝑓) = 1.

To define the content, we need to
know that greatest common divisors
exist. The greatest common divisor, if
it exists, is unique only up to
multiplication by a unit. Hence, the
content really is an equivalence class.

7.3.2 Gauss Ⅼemma. Ⅼet 𝑅 be a unique factorization domain. For any
polynomials 𝑓 and 𝑔 in 𝑅[𝑥], we have cont(𝑓𝑔) = cont(𝑓) cont(𝑔). Ɪn
particular, if 𝑓 and 𝑔 are primitive, then the product 𝑓𝑔 also is.
Proof. Write 𝑓 = cont(𝑓)𝑓∘ and 𝑔 = cont(𝑔) 𝑔∘ where 𝑓∘ and 𝑔∘ are
primitive polynomials. Since 𝑓𝑔 = cont(𝑓) cont(𝑔)𝑓∘ 𝑔∘, it suffices
to verify that 𝑓∘ 𝑔∘ is primitive. Set 𝑓∘ = 𝑎0 + 𝑎1 𝑥 +⋯+𝑎𝑚 𝑥𝑚 and𝑔∘ = 𝑏0 + 𝑏1 𝑥 +⋯𝑏𝑛 𝑥𝑛 where 𝑎0, 𝑎1,… ,𝑎𝑚 and 𝑏0, 𝑏1,… , 𝑏𝑛 are
in 𝑅. Suppose that the coefficients of 𝑓∘ 𝑔∘ have a common divisor𝑑 which is not a unit. Ɪf 𝑝 is a prime divisor of 𝑑, then 𝑝must divide
all the coefficients of 𝑓∘ 𝑔∘. As 𝑓∘ and 𝑔∘ are primitive, 𝑝 does not
divide all the coefficients of 𝑓∘ or 𝑔∘. Ⅼet 𝑎𝑟 be the first coefficient
of 𝑓∘ not divisible by 𝑝 and let 𝑏𝑠 be the first coefficient of 𝑔∘ not
divisible by 𝑝. Ⅽonsider the coefficient of 𝑥𝑟+𝑠 in 𝑓∘ 𝑔∘; it has the
form𝑎𝑟 𝑏𝑠 + (𝑎𝑟+1 𝑏𝑠−1 + 𝑎𝑟+2 𝑏𝑠−2 +⋯) + (𝑎𝑟−1 𝑏𝑠+1 + 𝑎𝑟−2 𝑏𝑠+2 +⋯) .
By hypothesis 𝑝 divides this sum. Ⅿoreover, all the terms in the
first parenthesis are divisible by 𝑝 (because 𝑝 divides 𝑏𝑗 for all 𝑗 < 𝑠)
and all terms in the second parenthesis are divisible by 𝑝 (because𝑝 divides 𝑎𝑖 for all 𝑖 < 𝑟). Ɪt follows that 𝑝 divides 𝑎𝑟 𝑏𝑠. As 𝑝 is
prime, 𝑝 divides either 𝑎𝑟 or 𝑏𝑠 contrary to our choice of 𝑎𝑟 and 𝑏𝑠.
This contradiction shows that no prime divides all the coefficients
of 𝑓∘ 𝑔∘ and hence 𝑓∘ 𝑔∘ is primitive.
Replacing the coefficient domain by its field of fractions does not

alter irreducibility.

7.3.3 Ⅼemma. Ⅼet 𝑅 be a unique factorization domain and let 𝐾 be its
field of fractions.
For any nonzero polynomial 𝑓 in𝐾[𝑥], we have 𝑓 = 𝑐𝑓∘ where 𝑐 in𝐾

and 𝑓∘ is a primitive polynomial in 𝑅[𝑥]. This factorization is unique up
to multiplication by a unit of 𝑅.
Ⅼet𝑓 be a polynomial in𝑅[𝑥] having positive degree. Ɪf𝑓 is irreducible

in 𝑅[𝑥], then 𝑓 is irreducible in𝐾[𝑥].
Proof. Given a common denominator 𝑑 for the nonzero coefficients
of 𝑓, we obtain 𝑓 = (1/𝑑) ̃𝑓 where ̃𝑓 in 𝑅[𝑥]. Setting 𝑐∶= cont( ̃𝑓)/𝑑,
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it follows that 𝑓 = 𝑐𝑓∘ where 𝑓∘ is primitive in 𝑅[𝑥]. Suppose that𝑓 = (𝑎/𝑏) 𝑔 where 𝑎/𝑏 in 𝐾 and 𝑔 in 𝑅[𝑥] is primitive. Ɪt follows
that 𝑎𝑑 𝑔 = 𝑏 cont(𝑓)𝑓∘. Taking the content of both sides yields𝑢𝑎𝑑 = 𝑏 cont(𝑓) for some unit 𝑢 in 𝑅. We deduce that 𝑢𝑔 = 𝑓∘.
Since cont(𝑓) divides 𝑓, the polynomial 𝑓 is primitive in 𝑅[𝑥].

Suppose that 𝑓 is reducible in 𝐾[𝑥]. Ɪt follows that 𝑓 = 𝑔1 𝑔2 where𝑔𝑗 in 𝐾[𝑥] and deg(𝑔𝑗) > 0 for all 1 ⩽ 𝑗 ⩽ 2. The first part of this
lemma implies 𝑔𝑗 = 𝑐𝑗 ℎ𝑗 for some 𝑐𝑗 in 𝐾 and some primitive ℎ𝑗 in𝑅[𝑥]. Hence, 𝑓 = 𝑐1 𝑐2 ℎ1 ℎ2 and the product ℎ1 ℎ2 is primitive by
Ⅼemma 7.3.2. The first part of this lemma implies 𝑓 and ℎ1 ℎ2 differ
by multiplication by a unit of 𝑅, which contradicts the irreducibility
of 𝑓 in 𝑅[𝑥].
7.3.4 Theorem. For any unique factorization domain 𝑅, the polynomial
ring 𝑅[𝑥] is also a unique factorization domain.
Proof. Ⅼet 𝐾 be the field of fractions for 𝑅. Ⅽonsider a nonzero 𝑓
in 𝑅[𝑥]. As 𝐾[𝑥] is a unique factorization domain, we can write𝑓 = 𝑝1 𝑝2 ⋯ 𝑝𝑟 where 𝑝𝑗 in 𝐾[𝑥] is irreducible for all 1 ⩽ 𝑖 ⩽ 𝑟.
Ⅼemma 7.3.3 establishes that 𝑝𝑗 = 𝑐𝑗 𝑞𝑗 for some 𝑐𝑗 in 𝐾 and some
primitive 𝑞𝑗 in 𝑅[𝑥]. Hence, we see that 𝑓 = 𝑐𝑞1 𝑞2 ⋯ 𝑞𝑟 where𝑐 = ∏𝑗 𝑐𝑗 ∈ 𝐾. Write 𝑐 = 𝑎/𝑏 for some 𝑎 and 𝑏 in 𝑅. Taking
contents, Ⅼemma 7.3.2 gives q cont(𝑏𝑓) = cont(𝑎 𝑞1 𝑞2 ⋯ 𝑞𝑟) = 𝑎.
Thus, we obtain 𝑏 cont(𝑓) = 𝑎 so 𝑏 divides 𝑎 and cont(𝑓) = 𝑐 ∈ 𝑅.
Since each 𝑞𝑗 is irreducible in 𝐾[𝑥], it is irreducible in 𝑅[𝑥]. The
ring𝑅 is a unique factorization domain, so we have 𝑐 = 𝑢𝑑1 𝑑2 ⋯ 𝑑𝑠
where each 𝑑𝑖 is irreducible in 𝑅 and 𝑢 is a unit in 𝑅. Ɪt follows that𝑓 = 𝑢𝑑1 𝑑2 ⋯ 𝑑𝑠 𝑞1 𝑞2 ⋯ 𝑞𝑟 is a factorization of 𝑓 into a product of
irreducible elements in 𝑅[𝑥].
Ɪt remains to check uniqueness. Suppose that we have a second

factorization: 𝑓 = 𝑢′ 𝑑′1 𝑑′2 ⋯ 𝑑′𝑡 𝑞′1 𝑞′2 ⋯ 𝑞′𝑘 where each 𝑞′𝑗 in 𝑅[𝑥] is
primitive and 𝑑′𝑗 in 𝑅 is irreducible. Since this is also a factorization
in 𝐾[𝑥] and the factorization there is unique, it follows that 𝑟 = 𝑘
and 𝑞′𝑗 = 𝑞𝑗 (up to units and reordering). Ɪf primitive polynomials
differ by a unit in𝐾[𝑥], then they also differ by a unit in𝑅[𝑥]. Ⅼastly,
we have cont(𝑓) = 𝑢′ 𝑑′1 𝑑′2 ⋯ 𝑑′𝑡 = 𝑢𝑑1 𝑑2 ⋯ 𝑑𝑠 so 𝑠 = 𝑡 and 𝑑′𝑗 = 𝑑𝑗
(up to units and reordering).

7.3.5 Example. The ring ℤ[𝑥] is a unique factorization domain, but
not a principal ideal domain. ⟡
7.3.6 Ⅽorollary. For any nonnegative integer 𝑛 and any unique factor‑
ization domain 𝑅, the polynomial ring 𝑅[𝑥1, 𝑥2,… ,𝑥𝑛] is also a unique
factorization domain.

Proof. We proceed by induction on 𝑛. When 𝑛 = 0, the assertion is
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trivial. Since Theorem 7.3.4 establishes the induction step, the claim
follows.
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7.4 Exercises
7.4.1 Problem. Euclid proves that there are infinitely many prime
integers in the following way: if 𝑝1, 𝑝2,… ,𝑝𝑘 are prime numbers,
then any prime factor of the integer 1+𝑝1 𝑝2⋯𝑝𝑘must be different
from 𝑝𝑖 for all 1 ⩽ 𝑖 ⩽ 𝑘.
i. Adapt this argument to demonstrate that, for any field 𝐾, there
are infinitely many monic irreducible polynomials in 𝐾[𝑥].

ii. Explain why the argument fails for the formal power series ring𝐾[[𝑥]] over a field 𝐾.
iii. Adapt this argument to show that the set of prime integers of
the form 4𝑛 − 1 is infinite.

7.4.2 Problem. Ⅼet 𝑅 be a principal ideal domain and let 𝐾 be its
field of fractions.
i. Suppose 𝑅 = ℤ. Write 𝑟 = 7/24 ∈ ℚ in the form 𝑟 = 𝑎/8 + 𝑏/3.
ii. Ⅽonsider 𝑔∶= 𝑝𝑞 in 𝑅 where 𝑝 and 𝑞 are relatively prime. Prove
that every fraction 𝑓/𝑔 ∈ 𝐾 can be written in the form𝑓𝑔 = 𝑎𝑞 + 𝑏𝑝
for some 𝑎 and 𝑏 in 𝑅.

iii. Ⅼet 𝑔∶= 𝑝𝑚11 𝑝𝑚22 ⋯𝑝𝑚𝑘𝑘 in 𝑅 be the factorization of the element𝑔 into irreducible elements 𝑝1, 𝑝2,… ,𝑝𝑘 such that the relation𝑝𝑖 = 𝑢𝑝𝑗 for some unit 𝑢 in 𝑅 implies that 𝑖 = 𝑗. Prove that
every fraction 𝑟 = 𝑓/𝑔 ∈ 𝐾 can be written in the form

𝑟 = 𝑘∑𝑖=1 ℎ𝑖𝑝𝑚𝑖𝑖
for some ℎ𝑖 in 𝑅 for all 1 ⩽ 𝑖 ⩽ 𝑘.

7.4.3 Problem. Ⅼet𝑅 be a unique factorization domain such that the
sumof two principal ideals in𝑅 is again a principal ideal. Prove that𝑅 is a principal ideal domain.
7.4.4 Problem. Ⅽonsider the subringℤ[√−5]∶= {𝑎 + 𝑏√−5 || 𝑎, 𝑏 ∈ ℤ}
of field ℂ of complex numbers.
i. Show that the norm function N∶ ℤ[√−5]→ℤ defined, for any
integers 𝑎 and 𝑏, by N(𝑎+ 𝑏√−5) = 𝑎2 + 5𝑏2 is compatible with
multiplication, meaning that the norm of a product is equal to
the product of the norms of the factors.

ii. Ⅽonfirm that 2 + √−5 is an irreducible element in ℤ[√−5].
iii. Ⅴerify that the ideal ⟨2 + √−5⟩ is not prime in ℤ[√−5].
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