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For polynomials, irreducibility depends on the coefficients that are
acceptable in the factors. We present probably the two best know
techniques for identifying irreducible polynomials.

8.0 Basic Sieve Theory
The sieve of Eratosthenes is amethod of determining the primes less
than a given number 𝑛. Ⅼist the integers from 2 to 𝑛. The smallest
entry 2 is prime. Ⅽross out the multiplies of 2 from our list. The
smallest remaining entry 3 is prime because it is not divisible by
any smaller prime. Ⅽross out the multiplies of 3. Repeat. Using this
method, Table 8.1 lists the prime integers less than 100.

The Greek polymath, Eratosthenes of
Ⅽyrene (276BⅭE–194BⅭE), is famous
for his work on prime numbers and for
measuring the diameter of the earth.

2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 2021 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 72 73 74 75 76 77 78 79 8081 82 83 84 85 86 87 88 89 9091 92 93 94 95 96 97 98 99

Table 8.1: The 25 prime integers
less than 100

For any prime integer 𝑝, this method also allows one to uncover
the irreducible polynomials in 𝔽𝑝[𝑥]. Ⅼist all polynomials by degree
and then cross out products. Table 8.2 enumerates the irreducible
polynomials of degree at most 4 in 𝔽2[𝑥].0 1 𝑥 𝑥+1𝑥2 𝑥2+1 𝑥2+𝑥 𝑥2+𝑥+1𝑥3 𝑥3+1 𝑥3+𝑥 𝑥3+𝑥+1𝑥3+𝑥2 𝑥3+𝑥2+1 𝑥3+𝑥2+𝑥 𝑥3+𝑥2+𝑥+1𝑥4 𝑥4+1 𝑥4+𝑥 𝑥4+𝑥+1𝑥4+𝑥2 𝑥4+𝑥2+1 𝑥4+𝑥2+𝑥 𝑥4+𝑥2+𝑥+1𝑥4+𝑥3 𝑥4+𝑥3+1 𝑥4+𝑥3+𝑥 𝑥4+𝑥3+𝑥+1𝑥4+𝑥3+𝑥2 𝑥4+𝑥3+𝑥2+1 𝑥4+𝑥3+𝑥2+𝑥 𝑥4+𝑥3+𝑥2+𝑥+1

Table 8.2: The irreducible
polynomials in 𝔽2[𝑥] having small
degree

8.0.1 Remark. Since 𝑥2 + 𝑥 + 1 is irreducible in 𝔽2[𝑥], the quotient𝐾 ∶= 𝔽2[𝑥]/⟨𝑥2 + 𝑥 + 1⟩ is a field. Ɪf 𝛼 denotes the image of 𝑥 in 𝐾,
then {1, 𝛼} forms a basis of 𝐾 over 𝔽2. Hence, the field 𝐾 has four
elements; namely {0, 1, 𝛼, 1 + 𝛼}.
8.0.2 Theorem. Ⅼet 𝑝 be a prime integer. Setting𝑁𝑑 to be the number of
monic irreducible polynomials in 𝔽𝑝[𝑥] having degree 𝑑, we have∑𝑑∣𝑛 𝑑𝑁𝑑 = 𝑝𝑛 .

https://mathshistory.st-andrews.ac.uk/Biographies/Eratosthenes/
https://mathshistory.st-andrews.ac.uk/Biographies/Eratosthenes/
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Proof. Ⅽonsider the formal power series ∑𝑔 𝑡deg(𝑔) in ℤ[[𝑡]] where
the sum is over all monic polynomials 𝑔 in 𝔽𝑝[𝑥]. The total number
of monic polynomials 𝑔 in 𝔽𝑝[𝑥] of degree 𝑛 is 𝑝𝑛, so∑𝑔 𝑡deg(𝑓) = ∞∑𝑛=0 𝑝𝑛 𝑡𝑛 = 11 − 𝑝 𝑡 .
As the ring 𝔽𝑝[𝑥] is a unique factorization domain, we obtain

∑𝑔 𝑡deg(𝑔) =∏𝑓 (1 − 𝑡deg(𝑓))−1 = ∞∏𝑑=1(1 − 𝑡𝑑)−𝑁𝑑
where the middle product is over all monic irreducible polynomials𝑓 in 𝔽𝑝[𝑥]. Ɪt follows that11 − 𝑝 𝑡 = ∞∏𝑑=1(1 − 𝑡𝑑)−𝑁𝑑 .
Taking logarithms gives∞∑𝑛=1 𝑝𝑛 𝑡𝑛𝑛 = − log(1 − 𝑝 𝑡) = − ∞∑𝑑=1𝑁𝑑 log(1 − 𝑡𝑑)

= ∞∑𝑑=1 ∞∑𝑒=1 𝑑𝑁𝑑 𝑡𝑑𝑒𝑑𝑒 = ∞∑𝑛=1 𝑡𝑛𝑛 ( ∑𝑑𝑒=𝑛 𝑑𝑁𝑑) ,
and comparing coefficients gives the desired equation.

8.0.3 Ⅾefinition. For any positive integer 𝑛, the Ⅿöbius function 𝜇
has values in {−1, 0, 1} depending on the prime factorization of 𝑛:

𝜇(𝑛)∶= {1 if 𝑛 = 1,(−1)𝑘 if 𝑛 is the product of 𝑘 distinct primes,0 if 𝑛 is divisible by a square greater than 1.
8.0.4 Ⅽorollary. Ⅼet 𝑝 be a prime integer. When𝑁𝑛 denotes the number
of monic irreducible polynomials in 𝔽𝑝[𝑥] having degree 𝑛, we have𝑁𝑛 = 1𝑛 ∑𝑑∣𝑛 𝜇(𝑑) 𝑝𝑛/𝑑 . !

The corollary follows from the
proposition by the Ⅿöbius inversion
formula, which was introduced by
August F. Ⅿöbius (1832).

8.0.5 Theorem. Ⅼet 𝑝 be a prime integer and, for some positive integer𝑑, set 𝑞∶= 𝑝𝑑. Every monic irreducible polynomial of degree 𝑑 in 𝔽𝑝[𝑥] is
a factor of 𝑥𝑞 −𝑥. The irreducible factors of 𝑥𝑞 −𝑥 in 𝔽𝑝[𝑥] are precisely
the monic irreducible polynomials in 𝔽𝑝[𝑥] whose degree divides 𝑑.

There are effective algorithms for
factoring in 𝔽𝑝[𝑥]; for instance, the
Berlekamp algorithm and
Ⅽantor–Zassenhaus algorithm.

Sketch of proof. Since (𝑑/𝑑𝑥)(𝑥𝑞 − 𝑥) = 𝑞𝑥𝑞−1 − 1 = −1, this monic
polynomial has no multiple roots. Hence, its splitting field has 𝑞
elements.

8.0.6 Example. Ɪn 𝔽2[𝑥], we have𝑥8 − 𝑥 = 𝑥(𝑥 + 1)(𝑥3 + 𝑥 + 1)(𝑥3 + 𝑥2 + 1)𝑥16 − 𝑥 = 𝑥(𝑥 + 1)(𝑥2 + 𝑥 + 1)(𝑥4 + 𝑥 + 1)(𝑥4 + 𝑥3 + 1)(𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1) .
Ɪn 𝔽3[𝑥], we have𝑥9 − 𝑥 = 𝑥(𝑥 + 1)(𝑥 − 1)(𝑥2 + 1)(𝑥2 + 𝑥 − 1)(𝑥2 − 𝑥 − 1) . ⟡
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https://mathshistory.st-andrews.ac.uk/Biographies/Mobius/
https://en.wikipedia.org/wiki/Berlekamp%27s_algorithm
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8.1 Ɪrreducibility Ⅽriteria

We can, in some circumstances, identify an irreducible polynomial
without finding all of the irreducible polynomials of lower degree.

8.1.1 Example. Ɪs 𝑓(𝑥) = 𝑥3 + 6𝑥2 + 7 in ℤ[𝑥] irreducible? Yes, it is
irreducible. Otherwise, the cubic polynomial 𝑓 would have linear
factor and its root would divide 7. However, we have 𝑓(1) = 14,𝑓(−1) = 12, 𝑓(7) > 0, and 𝑓(−7) = (−1)(49) + 7 < 0. ⟡
8.1.2 Proposition. Ⅼet 𝑅 be a commutative ring and consider𝑓∶= 𝑎𝑛𝑥𝑛 +⋯+ 𝑎1𝑥 + 𝑎0
in 𝑅[𝑥]. Suppose that ⟨𝑝⟩ is a prime ideal in 𝑅 that does not contain 𝑎𝑛.
The image of 𝑓 in 𝑅/⟨𝑝⟩ [𝑥] being irreducible implies that the polynomial𝑓 is irreducible in 𝑅[𝑥].
Proof. The canonical ring homomorphism 𝑅→𝑅/⟨𝑝⟩ induces a ring
homomorphism 𝜑∶ 𝑅[𝑥]→𝑅/⟨𝑝⟩ [𝑥]. When 𝑓 = 𝑔ℎ in 𝑅, it follows
that 𝜑(𝑓) = 𝜑(𝑔)𝜑(ℎ). The assumption that ⟨𝑝⟩ does not contain𝑎𝑛 implies that deg(𝜑(𝑔)) = deg(𝑔) and deg(𝜑(ℎ)) = deg(ℎ). Hence,
reducibility of the polynomial𝑓 leads to the reducibility of𝜑(𝑓).
8.1.3 Example. Ɪs 𝑥4 + 15𝑥3 + 7 in ℚ[𝑥] irreducible? Ɪts image in𝔽5[𝑥] is 𝑥4 +2. By evaluating 𝑥4 +2 at all five elements in 𝔽5, we see
that it has no root in 𝔽5. Suppose that there exists 𝑎, 𝑏, 𝑐, and 𝑑 in𝔽5 such that 𝑥4 + 2 = (𝑥2 + 𝑎𝑥 + 𝑏)(𝑥2 + 𝑐𝑥 + 𝑑). Ɪt follows that𝑎+ 𝑐 = 0, 𝑎𝑐 + 𝑏+ 𝑑 = 0, 𝑎𝑑 + 𝑏𝑐 = 0, and 𝑏𝑑 = 2. Since 𝑐 = −𝑎, we
have 0 = 𝑎𝑑 + 𝑏𝑐 = 𝑎(𝑑 − 𝑏), so 𝑎 = 0 or 𝑑 = 𝑏. We consider these
two cases separately.
(𝑎 = 0) Ɪt follows that 𝑐 = 0. The equations 𝑏 + 𝑑 = 0 and 𝑏𝑑 = 2
imply that 𝑑 = −𝑏, −𝑏2 = 2, and 𝑏2 = 3. However, 02 = 0, 12 = 1,22 = 4, 32 = 4, and 42 = 1, so there is no element 𝑏 in 𝔽5 such that𝑏2 = 3.

(𝑏 = 𝑑) Ɪt follows that 𝑏2 = 2. This is again impossible because the
only perfect squares in 𝔽5 are 0, 1, and 4.

Having established that the polynomial 𝑥4+2 is irreducible in𝔽5[𝑥],
Proposition 8.1.2 shows that 𝑥4 +15𝑥3 +7 is irreducible inℤ[𝑥] and
Ⅼemma 7.3.2 shows that it is irreducible inℚ[𝑥]. ⟡
8.1.4 Theorem (Schönemann–Eisenstein Ⅽriterion). Ⅼet 𝑅 a domain
and let 𝑓∶= 𝑎0 + 𝑎1 𝑥 +⋯+𝑎𝑛 𝑥𝑛 in 𝑅[𝑥] be a primitive polynomial of
positive degree 𝑛. When there exists a prime ideal 𝑃 in 𝑅 such that
(leading coefficient) 𝑎𝑛 ∉ 𝑃,
(trailing coefficients) 𝑎0, 𝑎1,… ,𝑎𝑛−1 ∈ 𝑃, and

(constant term) 𝑎0 ∉ 𝑃2,
the polynomial 𝑓 is irreducible in 𝑅[𝑥].

Theodor Schönemann (1846) first
published a version of this criterion
whereas Gotthold Eisenstein (1850)
published a somewhat different
version in the same journal. Ⅾavid A.
Ⅽox (2011) explores the history.
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Proof. Suppose that𝑓 = 𝑔ℎ for some𝑔 andℎ in𝑅[𝑥]havingpositive
degree. Set 𝑔∶= 𝑏0 + 𝑏1 𝑥 +⋯+𝑏𝑟 𝑥𝑟 and ℎ∶= 𝑐0 + 𝑐1 𝑥 +⋯+ 𝑐𝑠 𝑥𝑠
where deg(𝑔) = 𝑟 and deg(ℎ) = 𝑠. Ɪt follows that 𝑎0 = 𝑏0 𝑐0 ∈ 𝑃. As𝑃 is a prime ideal, we have 𝑏0 ∈ 𝑃 or 𝑐0 ∈ 𝑃. Having both 𝑏0 and 𝑐0
belong to 𝑃 would imply that 𝑎0 ∈ 𝑃2 contradicting our hypotheses.
Thus, we may assume that 𝑏0 ∈ 𝑃 and 𝑐0 ∉ 𝑃. Ɪf every coefficient
of 𝑔 was in 𝑃, then every coefficient of 𝑓 would also be in 𝑃 again
contradicting our hypothesis. Ⅼet 𝑏𝑖 be the first coefficient of 𝑔 such
that 𝑏𝑖 ∉ 𝑃. Since 𝑎𝑖 = 𝑏𝑖 𝑐0 + 𝑏𝑖−1 𝑐1 + ⋯ + 𝑏0 𝑐𝑖, we obtain the
equation 𝑏𝑖 𝑐0 = 𝑎𝑖 − 𝑏𝑖−1 𝑐1 −⋯−𝑏0 𝑐𝑖. Every element on the right
side of this equation lies in 𝑃. However, this implies that 𝑏𝑖 𝑐0 ∈ 𝑃.
As 𝑃 is prime, either 𝑏𝑖 ∈ 𝑃 or 𝑐0 ∈ 𝑃 which is a contradiction.
The following special case is most convenient.

8.1.5 Ⅽorollary. Ⅼet 𝑅 be a unique factorization domain with fraction
field 𝐾 and consider 𝑓 ∶= 𝑎0 + 𝑎1 𝑥 +⋯ + 𝑎𝑛 𝑥𝑛 in 𝑅[𝑥]. When there
exists an irreducible element 𝑝 in 𝑅 such that
(leading coefficient) 𝑝 does not divide 𝑎𝑛,
(trailing coefficients) 𝑝 divides 𝑎𝑖 for all 0 ⩽ 𝑖 ⩽ 𝑛 − 1, and

(constant term) 𝑝2 does not divide 𝑎0,
the polynomial 𝑓 is irreducible in𝐾[𝑥].
Proof. Theorem 8.1.4 shows that the polynomial 𝑓 is irreducible in𝑅[𝑥] and Ⅼemma 7.3.2 shows that 𝑓 is irreducible in 𝐾[𝑥].
8.1.6 Example. Ɪs 𝑥5−6𝑥4+3 inℚ[𝑥] irreducible? Yes, simply apply
Ⅽorollary 8.1.5 with 𝑝 = 3. ⟡
The original impetus for the Schönemann–Eisenstein Ⅽriterion

was the following application.

8.1.7 Ⅽorollary. For any prime integer 𝑝, the polynomial𝑓∶= 𝑥𝑝−1 + 𝑥𝑝−2 +⋯+ 𝑥 + 1
is irreducible inℚ[𝑥].
Proof. Since (𝑥−1)𝑓(𝑥) = 𝑥𝑝 −1, the substitution 𝑥 ↦ 𝑦+1 yields𝑦𝑓(𝑦 + 1) = (𝑦 + 1)𝑝 − 1 = 𝑦𝑝 + (𝑝1 ) 𝑦𝑝−1 + (𝑝2 ) 𝑦𝑝−2 +⋯+ ( 𝑝𝑝−1) 𝑦 .
We have (𝑝𝑖 ) = 𝑝(𝑝 − 1)⋯(𝑝 − 𝑖 + 1)/𝑖!. When 𝑖 < 𝑝, the prime 𝑝 is
not a factor of 𝑖!, so 𝑖! divides the product (𝑝−1)⋯(𝑝−𝑖+1)which
implies that (𝑝𝑖 ) is divisible by 𝑝. Ⅾividing the expansion of 𝑦 𝑓(𝑦+1)
by 𝑦 shows that 𝑓(𝑦 + 1) statisfies the hypothesis of Ⅽorollary 8.1.5.
Therefore, the polynomial 𝑦𝑝−1 + (𝑝1 ) 𝑦𝑝−2 + (𝑝2 ) 𝑦𝑝−3 +⋯+ ( 𝑝𝑝−1) is
irreducible and it follows that 𝑓 also is.

Ⅽopyright © 2025 by Gregory G. Smith
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8.2 Exercises
8.2.1 Problem. Ⅾetermine which of the following statements are
true. Ɪf a statement is false, then provide a counterexample.

Ⅽan the false statements be salvaged
in some way? Ɪn other words, can one
find a closely related nontrivial true
statement.

i. All three of the polynomials 𝑥2 + 1, 𝑥2 + 𝑥− 1, and 𝑥2 − 𝑥− 1 are
irreducible in 𝔽3[𝑥].

ii. The polynomial 𝑥4 − 6𝑥3 + 12𝑥2 − 3𝑥 + 9 in ℤ[𝑥] is irreducible.
8.2.2 Problem. Ⅾetermine all of the monic irreducible polynomials
of degree 3 over 𝔽3.
8.2.3 Problem. Prove that𝔽3[𝑥]⟨𝑥3 − 𝑥 − 1⟩ ≅ 𝔽3[𝑥]⟨𝑥3 − 𝑥2 + 𝑥 + 1⟩ .
8.2.4 Problem. Factor 𝑥4+1 into irreducibles in 𝔽2[𝑥], 𝔽7[𝑥], 𝔽13[𝑥],𝔽17[𝑥], andℚ[𝑥].
8.2.5 Problem. Ⅽonsider 𝑓∶= 𝑥𝑧 − 𝑦𝑤 in ℤ[𝑤,𝑥, 𝑦, 𝑧].
i. Prove that ⟨𝑓⟩ is a prime ideal in ℤ[𝑤,𝑥, 𝑦, 𝑧].
ii. Prove that ℤ[𝑤,𝑥, 𝑦, 𝑧]/⟨𝑓⟩ is not a unique factorization domain.

Ⅽopyright © 2025 by Gregory G. Smith
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Over a commutative ring, modules remedy the asymmetry between
ideals andquotients byproviding a commongeneralization for both.

8.3 Ⅿodules over a Ⅽommutative Ring

Amodule is an algebraic structure on a pair of underlying sets with
four binary operations. Although modules can be defined over an
arbitrary ring, we focus on modules over a commutative ring.

8.3.1 Ⅾefinition. Ⅼet 𝑅 be a commutative ring. An 𝑅‑module is an
additive abelian group𝑉 with a scalarmultiplication𝑅×𝑉 →𝑉 such
that, for any ring elements 𝑟 and 𝑠 in 𝑅 and any module elements 𝑢
and 𝑣 in 𝑉 , we have the following:

Ⅼike most multiplication operations,
scalar multiplication 𝑅 × 𝑉 →𝑉
simply denoted by (𝑟, 𝑣) ↦ 𝑟𝑣.

(associativity) (𝑟 𝑠) 𝑣 = 𝑟 (𝑠 𝑣) and 1𝑅 𝑣 = 𝑣,
(distributivity) 𝑟 (𝑢 + 𝑣) = 𝑟𝑢 + 𝑟𝑣 and (𝑟 + 𝑠) 𝑣 = 𝑟 𝑣 + 𝑠𝑣.

We also assume that left and right
scalar multiplication agree: for any 𝑟
in 𝑅 and any 𝑣 in 𝑉 , we have 𝑟 𝑣 = 𝑣𝑟.

8.3.2 Example. For any field 𝐾, the definitions of a 𝐾‑vector space
and a 𝐾‑module are identical. ⟡
8.3.3 Example. Every abelian group is a ℤ‑module in a unique way.
For any positive integer 𝑛 and any element 𝑔 in an abelian group 𝐺,
we have 0ℤ 𝑔 = 0𝐺, (−𝑛) 𝑔 = −(𝑛𝑔), and 𝑛𝑔 = 𝑔 + 𝑔 +⋯+ 𝑔⏟⎵⎵⎵⎵⏟⎵⎵⎵⎵⏟𝑛 summands . ⟡
8.3.4 Example. Every ring 𝑅 is an 𝑅‑module where multiplication
in the ring and scalar multiplication coincide. ⟡
8.3.5 Example. For any nonnegative integer 𝑛, the set 𝑅𝑛∶= ∏𝑛𝑖=1 𝑅
of 𝑛‑tuples of elements in 𝑅 forms an 𝑅‑module with the addition
and scalar multiplication defined componentwise. ⟡
8.3.6 Example. Every ideal in 𝑅 is an 𝑅‑module. ⟡
8.3.7 Example. A ring homomorphism 𝜑∶ 𝑅 → 𝑆 makes 𝑆 into an𝑅‑module. For any ring element 𝑟 in 𝑅 and any module element 𝑣
in 𝑆, we have 𝑟 𝑣∶= 𝜑(𝑟) 𝑣. ⟡
8.3.8 Ⅼemma (Basic properties). Ⅼet 𝑉 be an 𝑅‑module
(multiplication by 0) For any element 𝑣 in 𝑉 , we have 0𝑅 𝑣 = 0𝑉 .
(multiplication by −1) When −𝑣 denotes the additive inverse of the

element 𝑣 in 𝑉 , we have (−1)(−𝑣) = 𝑣.
Ⅽompare with Ⅼemma 5.0.8.

Proof. The additive identity in the ring 𝑅 and distributivity in the
module𝑉 gives 0𝑅 𝑣 = (0𝑅+0𝑅) 𝑣 = 0𝑅 𝑣+0𝑅 𝑣. Adding the additive
inverse −0𝑅 𝑣 to both sides yields 0𝑅 𝑣 = 0𝑉 .
Ⅿultiplication by 0𝑅 and the defining properties of themodule𝑉

establish that 0𝑉 = (0𝑅)(−𝑣) = (−1 + 1)(−𝑣) = (−1)(−𝑣) + (−𝑣).
Adding the additive inverse 𝑣 to both sides yields 𝑣 = (−1)(−𝑣).
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8.3.9 Ⅾefinition. Ⅼet 𝑉 and𝑊 be 𝑅‑modules. A map 𝜑∶ 𝑉 →𝑊 is
an 𝑅‑module homomorphism or 𝑅‑linear if, for any 𝑟 and 𝑠 in 𝑅 and
any 𝑢 and 𝑣 in 𝑉 , we have 𝜑(𝑟 𝑢 + 𝑠𝑣) = 𝑟𝜑(𝑢) + 𝑠𝜑(𝑣).

The composition of 𝑅‑module
homomorphisms is again an𝑅‑module homomorphism. The
identity map on any 𝑅‑module is an𝑅‑module homomorphism.

8.3.10 Example. For any field 𝐾, being 𝐾‑module homomorphism
is equivalent to being a linear transformation of vector spaces. ⟡
8.3.11 Example. Every group homomorphism of abelian groups is aℤ‑module homomorphism. ⟡
8.3.12 Example. Ⅼet 𝑉 and𝑊 be 𝑅‑modules. The set Hom𝑅(𝑉,𝑊)
of𝑅‑modulehomomorphisms from𝑉 to𝑊 formsan𝑅‑module. For
any 𝜑 and 𝜓 in Hom𝑅(𝑉,𝑊), any 𝑟 and 𝑠 in 𝑅, and any 𝑣 in 𝑉 , we
have (𝑟 𝜑 + 𝑠𝜓)(𝑣) = 𝑟𝜑(𝑣) + 𝑠𝜓(𝑣). ⟡
8.3.13 Example. An 𝑅‑linear map 𝜑∶ 𝑅→𝑉 is uniquely determined
by the image𝜑(1𝑅). Ɪt follows that, for any𝑅‑module𝑉 , there exists
a canonical isomorphism Hom𝑅(𝑅,𝑉) ≅ 𝑉 defined, for any 𝜑 in
Hom𝑅(𝑉,𝑊), by 𝜑 ↦ 𝜑(1𝑅). ⟡
8.3.14 Example. Given 𝑅‑module homomorphisms 𝜑∶ 𝑉 →𝑉′ and𝜓∶𝑊 →𝑊′, there are induced 𝑅‑module homomorphisms

Hom(𝜑,𝑊)∶ Hom𝑅(𝑉′,𝑊)→Hom𝑅(𝑉,𝑊)
Hom(𝑉,𝜓)∶ Hom𝑅(𝑉,𝑊)→Hom𝑅(𝑉,𝑊′) ,

defined, for any 𝜃′ in Hom𝑅(𝑉′,𝑊) and any 𝜃 in Hom𝑅(𝑉,𝑊), by(Hom(𝜑,𝑊))(𝜃′)∶= 𝜃′ ∘ 𝜑 and (Hom(𝑉,𝜓))(𝜃)∶= 𝜓 ∘ 𝜃. ⟡

𝑉 𝑉′

𝑊
𝜑

𝜃′∘𝜑 𝜃′
𝑉
𝑊 𝑊′
𝜃 𝜓∘𝜃

𝜓
Figure 8.1: Ⅽommutative diagrams
arising from Example 8.3.14

8.3.15 Example. For any𝑅‑module𝑉 , the composition of𝑅‑module
homomorphisms defines a noncommutative ring structure on the𝑅‑module Hom𝑅(𝑉,𝑉). The multiplicative unit is the identity map
id𝑉 ∶ 𝑉 → 𝑉 . An 𝑅‑module homomorphism from 𝑉 to itself is also
called an endomorphism of 𝑉 and End𝑅(𝑉)∶= Hom𝑅(𝑉,𝑉). ⟡

Ⅿultiplication by a fixed ring element𝑟 in 𝑅, also called homothety by 𝑟, gives
an 𝑅‑module endomorphism defined,
for any 𝑣 in 𝑉 , by 𝑣 ↦ 𝑟𝑣.

8.3.16 Proposition. An𝑅‑module homomorphism is an isomorphism if
and only if the underlying map of sets is bijective.

Ⅽompare with Proposition 2.0.6 and
Remark 5.1.2.

Proof. Suppose that the𝑅‑linearmap𝜑∶ 𝑉 →𝑊 is an isomorphism.
The underlying map of sets has an inverse, so it is bijective.
Ⅽonversely, suppose that underlying map 𝜑 is bijective. There

exists a map 𝜓∶ 𝑊 → 𝑉 such that 𝜑 ∘ 𝜓 = id𝑊 and 𝜓 ∘ 𝜑 = id𝑉 .
Ɪt remains to prove that this map of sets is 𝑅‑linear. Since 𝜑 is an𝑅‑module homomorphism, it follows that, for any 𝑟 and 𝑠 in 𝑅, and
any 𝑣 and𝑤 in𝑊 , we have𝜑(𝑟𝜓(𝑣) + 𝑠𝜓(𝑤)) = 𝑟𝜑(𝜓(𝑣)) + 𝑠𝜑(𝜓(𝑤)) = 𝑟 𝑣 + 𝑠𝑤 ,
so 𝑟𝜓(𝑣)+𝑠𝜓(𝑤) ∈ 𝑉 is the unique element that𝜑 sends to 𝑟 𝑣+𝑠𝑤.
By definition, this implies 𝜓(𝑟 𝑣 + 𝑠𝑤) = 𝑟𝜓(𝑣) + 𝑠𝜓(𝑤).
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8.4 Ɪsomorphism Theorems

For a third time, there are basic results describing some universal
features of homomorphisms, quotients, and subobjects.

Throughout this chapter, the
underlying ring 𝑅 is commutative.

8.4.1 Ⅾefinition. A subset 𝑈 of an 𝑅‑module 𝑉 is a submodule if
the restriction of addition and scalar multiplication on 𝑉 induces
an 𝑅‑module structure on𝑈. Ⅽompare with Ⅾefinition 1.2.1 and

Ⅾefinition 5.0.10.

8.4.2 Proposition. Ⅼet 𝑉 be an 𝑅‑module. A nonempty subset 𝑈 is a
submodule of 𝑉 if and only if, for any 𝑟 and 𝑠 in 𝑅, and any 𝑢 and 𝑣 in𝑈,
the 𝑅‑linear combination 𝑟 𝑢 + 𝑠𝑣 belongs to𝑈.
Proof. Any 𝑅‑module is, by definition, closed under addition and
scalar multiplication, so it is closed under 𝑅‑linear combinations.
Suppose that subset 𝑈 is closed under 𝑅‑linear combinations.

Since (1)𝑢 + (−1)𝑣 = 𝑢 − 𝑣 belongs to 𝑈 for any 𝑢 and 𝑣 in 𝑈,
Ⅼemma 1.2.2 shows that 𝑈 is an additive abelian group. The sub‑
set 𝑈 is closed under scalar multiplication because 𝑟 𝑢 + 0𝑣 = 𝑟𝑢
lies in 𝑈 for any 𝑟 in 𝑅 and any 𝑢 and 𝑣 in 𝑈. Finally, associativity
and distributivity are inherited from 𝑉 , so𝑈 is an 𝑅‑module.
8.4.3 Example. Ɪn any 𝑅‑module 𝑉 , the set {0} is a submodule. ⟡
8.4.4 Example. Submodules of the 𝑅‑module 𝑅1 are ideals. ⟡
8.4.5 Ⅼemma. Ⅼet 𝑉 be an 𝑅‑module. For any family {𝑈𝑗 || 𝑗 ∈ 𝐽} of
submodules in𝑉 , the intersection𝑈∶= ⋂𝑗∈𝐽 𝑈𝑗 is a submodule of𝑉 . Ⅽompare with Ⅼemma 1.2.8 and

Ⅼemma 8.4.5.

8.4.6 Ⅾefinition. Ⅼet 𝑉 be an 𝑅‑module. For any subset𝑈 of 𝑉 , the
submodule of 𝑉 generatedby𝑈, denotedby ⟨𝑈⟩, is the intersectionof
all submodules of𝑉 that contain𝑈. Amodule𝑉 is finitely generated
if 𝑉 = ⟨𝑈⟩ for some finite subset 𝑈 ⊆ 𝑉 . Ⅿoreover, 𝑉 is cyclic if𝑉 = ⟨𝑈⟩ for some subset𝑈 having cardinality 1.
8.4.7 Example. For any ring𝑅, the𝑅‑modules𝑅1 is cyclic, generated
by the multiplicative identity element. ⟡
8.4.8 Proposition. Ⅼet 𝜑∶ 𝑉 →𝑊 be an 𝑅‑linear map. The image

Ɪm(𝜑)∶= {𝑤 ∈ 𝑊 || there exists 𝑣 ∈ 𝑉 such that 𝜑(𝑣) = 𝑤}
of 𝜑 is a submodule of its target𝑊 , and the kernel

Ker(𝜑)∶= {𝑣 ∈ 𝑉 || 𝜑(𝑣) = 0} ,
of 𝜑 is a submodule of its source 𝑉 .

Ⅽorollary 2.0.10 implies that an𝑅‑module homomorphism is injective
if and only if its kernel is trivial.

Proof. For any 𝑣′ and 𝑤′ in Ɪm(𝜑), there exists 𝑣 and 𝑤 in 𝑉 such
that 𝜑(𝑣) = 𝑣′ and 𝜑(𝑤) = 𝑤′. For any 𝑟 and 𝑠 in 𝑅, we have𝜑(𝑟 𝑣 + 𝑠𝑤) = 𝑟𝜑(𝑣) + 𝑠𝜑(𝑤) = 𝑟 𝑣′ + 𝑠𝑤′ ,
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so Ɪm(𝜑) is a submodule of𝑊 . Similarly, for any 𝑟 and 𝑠 in 𝑅, and
any 𝑢 and 𝑣 in Ker(𝜑), we have𝜑(𝑟 𝑢 + 𝑠𝑣) = 𝑟𝜑(𝑢) + 𝑠𝜑(𝑣) = 𝑟 0 + 𝑠0 = 0 ,
so Ker(𝜑) is a submodule of 𝑉 .
8.4.9 Ⅾefinition. Ⅼet 𝑈 be a submodule of an 𝑅‑module 𝑉 . The
quotient group𝑉/𝑈 inherits an𝑅‑module structure from𝑉 defined,
for any 𝑟 in 𝑅 and any 𝑣 in 𝑉 , by 𝑟(𝑣+𝑈)∶= 𝑟 𝑣+𝑈. This operation
also makes the canonical map 𝜋∶ 𝑉 →𝑉/𝑈 into an 𝑅‑linear map.

As 𝑣 +𝑈 = 𝑢 +𝑈 ⇔ 𝑣− 𝑢 ∈ 𝑈, we
see that 𝑟 𝑣 − 𝑟𝑢 = 𝑟(𝑣 − 𝑢) ∈ 𝑈 and𝑟 𝑣 +𝑈 = 𝑟𝑢 +𝑈. Hence, scalar
multiplication on the quotient is
well‑defined.

8.4.10 Example. For any ring 𝑅 and any ideal 𝐼 in 𝑅, the quotient𝑅1/𝐼 is a cyclic 𝑅‑module generated by 𝜋(1𝑅). ⟡
8.4.11 Ⅾefinition. For any 𝑅‑linear map 𝜑∶ 𝑉 → 𝑊 , its cokernel is
defined to be the quotient module Ⅽoker(𝜑)∶= 𝑊/ Ɪm(𝜑).
8.4.12 Proposition. Ⅼet 𝜑∶ 𝑉 → 𝑊 be an 𝑅‑module homomorphism.
For any submodule 𝑉′ of 𝑉 and any submodule𝑊′ of 𝑊 satisfying the
condition 𝜑(𝑉′) ⊆ 𝑊′, the induced map 𝜑∶ 𝑉/𝑉′ →𝑊/𝑊′ defined, for
any 𝑣 in 𝑉 , by 𝜑(𝑣 + 𝑉′)∶= 𝜑(𝑣) +𝑊′ is 𝑅‑linear.

As 𝑣 +𝑈 = 𝑢 +𝑈 ⇔ 𝑣− 𝑢 ∈ 𝑈, we
see that 𝑟 𝑣 − 𝑟𝑢 = 𝑟(𝑣 − 𝑢) ∈ 𝑈 and𝑟 𝑣 +𝑈 = 𝑟𝑢 +𝑈. Hence, scalar
multiplication on the quotient is
well‑defined.

Proof. By Ⅽorollary 2.3.14, it suffices to verify that 𝜑 is compatible
with scalar multiplication. For any 𝑟 in 𝑅 and any 𝑣 in 𝑉 , we have𝜑(𝑟(𝑣 + 𝑉′)) = 𝜑(𝑟 𝑣 + 𝑉′) = 𝜑(𝑟 𝑣) +𝑊′= 𝑟𝜑(𝑣) +𝑊′ = 𝑟 (𝜑(𝑣) +𝑊′) = 𝑟𝜑(𝑣 +𝑊′) .
8.4.13 First Ɪsomorphism Theorem. Ⅼet 𝜑∶ 𝑉 →𝑊 be an 𝑅‑module
homomorphism with 𝐾 ∶= Ker(𝜑). The induced map 𝜑∶ 𝑉/𝐾 → Ɪm(𝜑)
defined, for any 𝑣 in𝑉 , by𝜑(𝑣+𝐾) = 𝜑(𝑣) is an𝑅‑module isomorphism.

𝑉 𝑊
𝑉/Ker(𝜑) Ɪm(𝜑)

𝜑
𝜋

𝜑̃≅
𝜄

Figure 8.2: The commutative
diagram for the First
Ɪsomorphism Theorem

Proof. By Theorem 3.0.1, it suffices to verify that 𝜑 is compatible
with scalar multiplication. For any 𝑟 in 𝑅 and any 𝑣 in 𝑉 , we have𝜑(𝑟 (𝑣 + 𝐾)) = 𝜑(𝑟 𝑣) + 𝐾 = 𝑟𝜑(𝑣) + 𝐾= 𝑟 (𝜑(𝑣) + 𝐾) = 𝑟𝜑(𝑣 + 𝐾) .
8.4.14 Second Ɪsomorphism Theorem. For any submodules 𝑈 and𝑊 , there is an𝑅‑module isomorphism (𝑈+𝑊)/𝑊 ≅−→𝑈/(𝑈 ∩𝑊). Ɪt suffices to verify that the group

isomorphism in Theorem 3.0.4 is
compatible with scalar multiplication.

8.4.15 Third Ɪsomorphism Theorem. Ⅼet 𝑉 be an 𝑅‑module. For any
submodules𝑈 and 𝑊 of 𝑉 satisfying𝑈 ⊆ 𝑊 , there exists an 𝑅‑module
isomorphism 𝑉/𝑊 ≅−→(𝑉/𝑈)/(𝑊/𝑈).

Ɪt suffices to verify that the group
isomorphism in Theorem 3.0.5 is
compatible with scalar multiplication.

8.4.16 Ⅽorrespondence Theorem. Ⅼet 𝑈 be a submodule of the an𝑅‑module 𝑉 . The canonical 𝑅‑module homomorphism 𝜋∶ 𝑉 → 𝑉/𝑈
induces a bijection between the set of all submodules of 𝑉 containing𝑈
and the set of all submodules of 𝑉/𝑈.

Ⅽompare with Theorem 3.0.6 and
Theorem 8.4.16.
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8.5 Exercises
8.5.1 Problem. Amodule is simple if it is not the zero module and if
it has no proper submodule.
i. Ⅼet 𝑉 be a simple 𝑅‑module. Show that 𝑉 is cyclic.
ii. Prove Schur’s Ⅼemma: Ɪf𝜑∶𝑉 →𝑊 is a homomorphism between
simple 𝑅‑modules, then either 𝜑 is zero or an isomorphism.

iii. Ⅾemonstrate that the set of endomorphisms, which are denoted
by End𝑅(𝑉) ∶= Hom𝑅(𝑉,𝑉), on a simple 𝑅‑module 𝑉 forms a
field where multiplication is given by composition of functions
and addition is defined pointwise.

8.5.2 Problem. Ⅼet 𝑅 be domain and let 𝑉 be an 𝑅‑module. An el‑
ement 𝑣 in 𝑉 is a torsion element if there is a nonzero element 𝑟 in𝑅 such that 𝑟 𝑣 = 0. Ⅼet 𝜏(𝑉) be the set of torsion elements of 𝑉 . A
module 𝑉 is torsion if 𝜏(𝑉) = 𝑉 and it is torsion‑free if 𝜏(𝑉) = 0.
i. Show that 𝜏(𝑉) is a submodule of 𝑉 .
ii. Prove that 𝑉/𝜏(𝑉) is torsion‑free.
iii. For any 𝑅‑module homomorphism 𝜑∶ 𝑉 → 𝑊 , demonstrate
that 𝜑(𝜏(𝑉)) ⊆ 𝜏(𝑊).

iv. Give an example of an infinite abelian group that is a torsionℤ‑module.
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