9 Sources of Modules

Modules over a commutative ring can be much more complicated
than vector spaces. To understand this disparity, we need more
mechanisms for producing modules.

9.0 Products and Direct Sums

The product of a family of modules is the “most general” module
which admits a homomorphism to each family member. Revers-
ing the maps, the direct sum of a family of modules is the “least
specific” module to which each family member admits a homomor-
phism. Despite this seemingly innocuous change, direct sums are
quite unlike products.

9.0.1 Definition. LetJ be an index set and let {V}},; be a family of
R-modules. The product V := Hje] Vj is the Cartesian product of
sets with the R-module structure defined componentwise: for any
rand s in R, and any u := (4;);je; and v := (v;)je; in V, we have
ru+sv = (ru;+sv;j);es. This module structure is precisely the one
that makes canonical projection maps @;: V' — V; R-linear.

9.0.2 Proposition (Universal mapping property for products). Let
V= Hje] V; be the product of a family of R-modules. For any R-module
W and any family {cpj W V}-}jej of R-linear maps, there is a unique
R-linearmap ¢ : W — V such thatw;jo ¢ = @; forall j € J.

Proof. This follows directly from the definitions. O

9.0.3 Remark. Rephrasing this proposition, it follows that, for any
R-module W and any family {V}},.; of R-modules, the map
HomR<W, II Vj) - J] Homz(W, V)
jeJ jeJ
which sendsthemap p: W =[]
R-module isomorphism.

jes Vj to the family {@jop}jc;isan

9.0.4 Remark. The product of R-modules is both commutative and
associative: for any R-modules U, IV, and W, there exists canonical
isomorphisms U X V2V xUand (UXV)x W x> U x (V x W).

9.0.5 Definition. LetJ be an index set and let {V}},; be a family of
R-modules. The direct sum @j ; Vj is the submodule of the product
V= H}.EJ V; consisting of all elements v in ' such that @;(v) = 0
for all but finitely many indices j. For any kin J, let y;.: V,, = V be
the unique map that sends an element v, in V, to the elementin IV
satisfying @;(yx(vx)) = Uy ;. By construction, each map yy is an
injective R-module homomorphism from Vy into @, _, V. For any
vin @jej V;, we have v = Zjej(yj o w@;)(V).

jer
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When J = @, the product Hje] Vjis
the zero R-module.
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Figure 9.1: Commutative diagram
arising from Proposition 9.0.2

When J = @&, we have ®jeJ Vi =o.
When the index set J is finite, we also
have 69jeJ Vj= Hje] 42



9.0.6 Proposition (Universal mapping property for direct sums). Let
{V}]EJ be a family of R-modules. For any R-module W and any family
{l,bj V- W}JGJ of R-linear maps, there exists a unique R-linear map
P @J.EJV- — W such that Yo y; = ; forall j € J.

Proof. Suppose that ¥ exists. For any vin €, ier V;, we have
'l,b(l)) = Z (1)0 oYjo wj)(v) = Z (1/)] ° w])(v) >
JjeJ JjeJ
whence the uniqueness of 1. Setting Y(v) := Zje](¢j o 71;)(v), one
immediately verifies that an R-module homomorphism has been
defined satisfying the conditions in the statement. O

9.0.7 Remark. Rephrasing this proposition, it follows that, for any
R-module W and any family {V}},.; of R-modules, the map
HomR(EB v, W) — [ Homg(V}, W)
jeJ jeJ
which sends the map ¢: W — @J.EJ V; to the family {¢ o Vj}je] is an
R-module isomorphism.

9.0.8 Remark. The direct sum is also commutative and associative:
for any R-modules U, V, and W, there are canonical isomorphisms
UdVaelVdUand(UpV)oWxUD(V OW).

9.0.9 Definition. An R-module W is a direct sum of a family {V}},;
of submodules of W if the canonical R-linear map €. e Vi Wis
an isomorphism. This is equivalent to saying that every element w
in W can be written uniquely in the form w = ZJ.E] vj where v; in

Vi forall j €J.

9.0.10 Definition. The submodule of W generated by the union of
a family {Vj}je 7 of submodules is the sum of the family and denoted
by Zj oy Vj- Writing y;: V; = W for the canonical injection and

y: @JGJ ; = W for the unique map satisfying y(v;) = Zjej 7)),
the R-module Zje] Vj is the image of y.

9.0.11 Proposition. Let W be an R-module. For any family {V}},.; of
submodules in W, the following properties are equivalent:

a. The submodule Z Vj is the direct sum of the family {V}} ;.

b. The relation Z o vj = 0 wherev; € Vj impliesv; = 0 forall j € J.
c. Forallk € J, the intersection of V. and Z#k Vjis0.

Proof.

a<b: Since ). jer Vi = Z]EJ Jlfandonlylfz —u;) =0, we
see that propertles aand b are equivalent.

a=c: The uniqueness of the expression for an element in the sum
Zje ; Vj guarentees that the intersections are 0.

¢=D: Therelation )},  v; = 0canbe writtenas v = 3, —v; and
property c implies that v, = 0. O
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Figure 9.2: Commutative diagrams
arising from Proposition 9.0.6
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90 Lectures for Core Algebral

9.1 Exactness

The theory of modules benefits greatly from diagramatic reasoning.

Despite its banal definition, the exactness property is surprisingly
useful in this regard.

9.1.1 Definition. Let ¢: U — V and ¥: V — W be R-linear maps.

The pair (¢, ) or the diagram

U—,v_*,w

is an exact sequence if Ker(y)) = Im(¢). Consider the diagram

® P 6

U V w X.

This diagram is exact at V' if the pair (¢, ) is exact. It is exact at W
if the pair (3, 0) is exact. If the diagram is exact at each module, it
is an exact sequence. Exact sequences with an arbitrary number of

terms are defined similarly.

9.1.2 Remarks. The sequence 0 —— U —? .V isexactif and
only if ¢ be injective. Similarly, the sequence U “iv—o0
is exact if and only if ¢ be surjective.

Suppose that U is a submodule of an R-module V. The canonical
inclusion t: U — V and the canonical surjection 7: V = V/U form
the exact sequence 0 v ——v -Z25v/U 0, and

any R-module homomorphism ¢ : U — V yields the exact sequence

P

0 —— Ker(p) v w Coker(p) —— 0.

9.1.3 Proposition. For any submodules U and W of an R-module V,
there exists two exact sequences

;?7»[” [$u —$w

O — UnW — UeW —m U+W —— 0
[ﬁU
0 Vv Bw K@K [au —aw ] Vv 0
UnWw u~w U+w

where the R-linear mapsny: UNW - U, nyp: UNW = W, and
Su:U—>U+W,{y: W — U+ W are the canonical injections, the
R-linear maps By : V/(UNW) = V/U and By : VI(UNW) > VIW
are induced by the identity map idy, : V' — V, and the R-linear maps
ay: VIU->V/(U+W)andoy . VIW = V/(U+W) are the canonical
surjections.

Proof. From the definition of U + W, we see that the map [¢v —¢w |
is surjective. As the maps 7y and 7y are injective, the map [ U | is
also injective. To say that [ ¢y —¢w ](u, w) = O for some u in U and
some w in W means that {;(u) — ¢ (w) = 0. Thus, there is v in

U N W such that v = {y(u) = {y(w), so u = ny(v) and w = Ry (V).

We conclude that Ker([ ¢v ~¢w ]) = Im([ )7 ]).

For the pair (¢, 1) to form an exact
sequence, one must have o =0
because this property yields the
inclusion Im(p) C Ker().

Multiplication by 2 yields the exact
sequence

0—>Zi>Z—>Z/<2>—>0

of Z-modules.
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As the maps ay and ay are surjective, the map [ av —aw | is also
surjective. If [55/ ](v) = 0 for some v in V/(U N W), then we have
By (v) = By (v) = 0 which implies that v is the class of an element in
UNnW. To say that [ av —aw |(u, w) = 0 for some u in V/U and some
w in V/W means that ay(u) = ay(w). Thus, there exists u’ and
w' in V whose classes modulo U and W are u and w respectively
and u' — w’ lies in U + W. It follows that there are u” in U and
w” in W such that u’ — w’ = u” — w”, so there also exists v’ in V'
such thatu’ — u” = w’ — w” = v'. Let v be the class of the element
v’ modulo U n W. Since Sy(v) = u and By (v) = w, we see that
Ker([av —aw ]) = Im([gg D O

9.1.4 Definition. In an R-module V, the submodules U and W are
complementaryif V=U @ W.

9.1.5 Example. All submodules of the Z-module Z" have the form
(m) for some nonnegative integer m, but (m) n (n) = (lem(m, n)).
Thus, Z" and 0 are the only complementary submodules in z'. ¢

9.1.6 Proposition. WhenV = U @ W, the restriction |y : U > V/W
of the canonical map 7w : V' — V/W is an isomorphism.

Proof. The map 7|y is surjective because U + W = V. It is injective
because its kernelis U n W = 0. O

9.1.7 Proposition. Given an exact sequence of R-modules

0 vy tw 0,
the following are equivalent:
a. There exists an R-linear map 6 : V — U such that 6 o ¢ = idy.
b. There exists an R-linear map o : W — V such thaty o o = idy,.
c. There exists an isomorphismV =2 U @ W.
The homomorphisms 6 and o are said to split the exact sequence.

Sketch of proof.
a=c: Foranyvin V, we have
B(v = (¢ 0 0)(v)) =6(v) — (B o p)(6(v)) =0,

so v—(@oB)(v) € Ker(8) and V = Ker(6)+Im(p). Consider uin U
such that p(u) € Ker(6) N Im(¢). It follows that 0 = 6(p(u)) = u,
so ¢(u) = ¢(0) = 0. We conclude that V' =~ Im(¢) & Ker(6).

a=b: For any w in W, there exists v in V such that (v) = w be-
cause Y is surjective. Define g: W — V by a(w) := v — (¢ 0 6)(V).
If p(v) = u = P(v'), then we have v — v’ € Ker(¢p) = Im(p), so

V= (9o0)(V) = (V = (poO)())=(-V)—(pob)(v-1)

belongs to Im(¢) N Ker(6) = 0 and the map o is well-defined. By
construction, we have ¥ o o = idy,.

c=>a WhenV = U @ W, the mapping property of product shows
that the canonical surjection w: V' — U satisfies wop = idy. O
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The characterization of direct sums of
submodules implies that U and W are
complementary submodules of V" if

andonlyif U+ W =Vand UnNW =0.

Any two complements of a submodule
are isomorphic.

b= cis similar to a=c.

b= ais similar to a=b.

c¢= bis similar to c=>a.
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92 Lectures for Core Algebral

9.2 Free Modules

In analogy with free groups, we identify those modules having only
the relations required by the module axioms.

9.2.1 Definition. Let R be a commutative ring. For any index set J,
consider the R-module RY) := @J.EJ R!. For each j € J and each
canonical map y;: R' — RY)| set e; := y;(1g). With this notation,
every r:= (r;) € RY) may be written uniquely as r = ZJ.EJ rje;. Let

€:J = RY) be set map defined by j  e;.

9.2.2 Lemma. For any R-moduleV and any map §: J — V, there is a
unique R-module homomorphism ¢ : RY) > V such that = g oc.

Proof. The condition § = ¢ o ¢ means that ¢(e;) = §(j) forall j € J
which is equivalent to p(re;) = r&(j) forallr € Rand j € J. It
also means that the composition ¢ o y;: R — I/ is the R-module
homomorphism given by r — r &(a). The proposition is therefore a
special case of the mapping property for direct sums. O

9.2.3 Remark. The linear map ¢: RY) — V is said to be determined
by the family {£(j)};c; of elements in V. By definition, we have
P(Trie)= 2 riE0)-
jeJ jeJ

9.2.4 Definition. A family {v;};c; of elements in an R-module V is
linearly independent (resp. a basis) if the R-module homomorphism
RY) - I determined by this family is injective (resp. bijective). A
module is free if it has a basis.

9.2.5 Example. Let m be an integer greater than 1. In the quotient
Z-module Zl/(m>, no element is linearly independent, so z' (m)is
not a free module. <>

9.2.6 Example. A free module can have nonzero elements which are
not part of a basis. The R-module R! is free, but zerodivisors in R
are not part of a basis (they are not linearly independent). <&

9.2.7 Example. Every nonzero element of an R-module can form a
linearly independent set without the module being free. The field Q
is a Z-module with this property: a pair nonzero rational numbers
are always linearly dependent. For any a, b, ¢, and d in Z with b # 0
and d # 0, we have a c
(bC)E - (ad)a =0.

Hence, a basis could only have at most one element. However, for
any q in Q, the set{nq | n € Z}is a proper subset of Q. 3

9.2.8 Proposition. LetV be a free R-module with basis {vj}jej. For any
family {w;};c; of elements in an R-module W, there is a unique R-linear

Compare with Definition 4.2.1.

J—>g v
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Figure 9.3: Commutative diagram
arising from Lemma 9.2.2

When R is a domain and f and g are
distinct nonzero elements in R, then
set {f, g} is linearly dependent
because (—-g)f + f(g) = 0.

Copyright © 2025 by Gregory G. Smith



map P : V — W such that p(v;) = w; forall j € J. The map ¥ is
injective (resp. surjective) if and only if the family {w;};c; of elements in
W be a linearly independent (resp. generating set of W).

Proof. This follows from the definitions and Lemma 9.2.2. O
9.2.9 Corollary. Every R-moduleV is the quotient of a free R-module.

Proof. When J indexes a generating set of V, there is a surjective
R-module homomorphism RY) — V. In particular, one may take
J = V. If U denotes the kernel of this map, then Theorem 8.4.13
shows that the R-module V is isomorphic to R¥)/U. O

9.2.10 Corollary. Every exact sequence of R-modules

0 UL v 2w 0,

in which W is a free R-module, splits. To be precise, if {w;};c; is a basis
for W, and v; is an element of V such that(v;) = w; forall j € J, then
thefamily{vj}jej is linearly independent and generates a complementary
submodule of p(U).

Proof. Since W is a free R-module, Proposition 9.2.8 demonstrates
that there exists a unique R-module homomorphism o: W — V
such that o(w;) = v; for all j € J and Proposition 9.1.7 shows that
the exact sequence splits. O

With the aim of understanding all free modules, we record the
following minor observation.

9.2.11 Lemma. Let K be a field and let {u;};c; be linearly independent
elements in K -vector space VV. Given an element w in V' that does not
belong to the submodule U generated by {u;}c;, the family {w}u{u;};cs
is linearly independent.

Proof. Suppose that we have arelation s w+ Zje] rju; = 0 for some
sin K, some r; in K for all j € J, and only finitely many of the r; are
nonzero. If s # 0, then it would follow that w = — Z}.EJ(S‘1 i) u;
and hence w € U contrary to hypothesis. Thus, we must have s = 0
and the relation becomes Zjej rju; = 0 which implies thatr; = 0
for all j € J. Since the only relation among the elements is trivial,

the family {w} U {u;};; is linearly independent. O
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Compare with Proposition 4.3.4.
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94 Lectures for Core Algebral

9.3 Vector Spaces

Characterizing modules over a field, also known as vector spaces,
leads to deeper insights into all free modules.

9.3.1 Theorem. Every module over a field K is a free.

We must demonstrate that every vector space admits a basis. The
following more precise theorem accomplishes this task.

9.3.2 Theorem. For any generating set 8 of a K -vector space V' and any
linearly independent set L of V' contained in 8, there exists a basis B of
V suchthatL C B CS.

Proof of Theorem 9.3.1. The existence of a basis for any vector space
V follows from Theorem 9.3.2 by taking L = @ and S = V. O

Proof of Theorem 9.3.2. Let & be the set of all linearly independent
subsets of V' that contain £ and are contained in 8. This family is
nonempty, because £ € &£. Partially order € by inclusion. Given
a chain € in &, we claim that " = U,c@ L is an upper bound for

C. Consider a finite subset {u;,u,, ..., u,} C C". Since € is a chain,
there exists L € € such that {u;,u,,...,u,,} € L. Hence, the set
{u;,u,, ..., u,,}islinearly independent. It follows that every chain in

€ has an upper bound. Hence, Zorn’s Lemma implies that there is a
maximal element B and Lemma 9.2.11 implies that the submodule
(B)isequalto V. O

9.3.3 Corollary. For any subset B of a K -vector space V', the following
properties are equivalent:

a. Bisabasis of V.

b. B is a maximal linearly independent subset of V.

c. B is a minimal generating set of V. O

9.3.4 Example. Any ring R containing a field K may be regarded as
a K-vector space, so it admits a basis. In particular, every extension
field of K has a basis. <&

9.3.5 Theorem. Two bases of a vector space have the same cardinality.

Proof. Suppose that V' is a vector space with a basis B of cardinality
n for some nonnegative integer n. We show, by induction on n, that
every other basis B’ has at most n elements. The claim is trivial for
n = 0. When n 2 1, the set B’ is nonempty so choose w € B'. By
Theorem 9.3.2, there exists a subset ¢ C B such that {w}u Cis a
basis of VV and w ¢ C because {w} U B is obviously a generating
set for V. As B is a basis for I/, € = B is impossible and hence €
has at most n — 1 elements. Let U be the subspaced generated by
€ and W be the subspace generated by B’ \ {w}. Both U and W are

The field R admits an infinite basis as
a Q-vector space.
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complementary to (w) and hence isomorphic. As U admits a basis
with at most n — 1 elements, B’ \ {w} has at most n — 1 elements by
the induction hypothesis. Therefore, B’ has at most 1 elements.
Next suppose that V' has an infinite basis so V' = [| jer V; where
J has infinite cardinality. We claim that every generating set has
cardinality at least that of J. Let § be a generating set for V. For
each s € 8, let C, be the finite set of indices j € J such that the
component of s in Vj is nonzero and let C := |J _g Cs. Everys € §
belongs to the submodule EBJ. <c Vj; since 8 generates V' it follows
that C = J. Since |J| = |C| £ |S], the claim follows. O

9.3.6 Definition. Let K be a field. The dimension of a K-vector space

V is the cardinality of any of the bases of IV and denoted by dimg V.

9.3.7 Lemma. For any family {V;};c; of K -vector spaces, we have
dimg (P V;) = X, dimg V5.
Jjers Jjel
Sketch of proof. When B, is a basis for the K-vector space V; for any
Jj € J, the union B := J,; B; is a basis for B,_; V;. The formula
follows because the B; are pairwise disjoint. O
9.3.8 Proposition. For any exact sequence of K -vector spaces
0 Vg Pe Vg_1 Peo-1 Vl P1 VO 0,

we have Zj;o(—l)j dimg V; = 0.

Proof. Setting U_, := 0, U, := 0, and U;_; := Im(p;) = Ker(g;_,) for
all1 < j < ¢, we obtain the short exact sequences

0 U; V; U_ — 0,

Corollary 9.2.10 demonstrates that Vi=U;@ U, and Lemma 9.3.7
establishes thatdimg V; = dimg U;+dim U;_;. The alternating sum

telescopes, so we have

€ €
Jj=0 Jj=0

9.3.9 Corollary. For any nonzero ring R and any free R-module V', any
two basis of V' have the same cardinality.

Idea of proof. Let I be a maximal ideal in the ring R, let K := R/I be

the associated field, andlet 7 : R — K be the canonical R-linear map.

Consider the K-vector space (V) = K @ V = V/IV obtained by
extending scalars to K and let ¢ : V' — 7*(V) be the map defined by
U~ 1 ® v. Given a basis {v;};¢; of V/, the family {¢(v;)};e; is a basis
of T*(V). O

9.3.10 Definition. The cardinality of any basis for a free R-module
V is called the rank of V and denoted by ranky V.
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When dimg V' < o0, the K-vector
space V is finite-dimensional and
otherwise it infinite-dimensional.
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96 Lectures for Core Algebra I

9.4 Exercises
9.4.1 Problem. Determine which of the following statements are
true. If a statement is false, then provide a counterexample.
i. For any submodule U of K-vector space V, we have
dimg U + dimg V/U = dimg V.
ii. For any submodules U and W of a K-vector space I/, we have

dimg (U N W) + dimg(U + W) = dimg(U) + dimg(W).

9.4.2 Problem.
i. Letp: V' > Vandy: V — V" be R-linear maps. Prove that the

sequence

P P

|4 v | 284 0
is exact if and only if, for every R-module W, the sequence

Hompg (3, W) Homg(¢,W)
S AL AN AL AN

0 — Homgz(V", W) Homg(V, W)

is exact.
ii. Show that Homz(Z/(m),Z/(n)) = Z/(d) where d := gcd(m, n).

9.4.3 Problem. Let K be a field and let U, V, and W be K-vector
spaces. Consider K-linear maps ¢: U — V and %: V — W. The
map @ has finite index if both of the K-modules Ker(¢) and Coker(¢p)
are finite-dimensional. The index of ¢ is

ind(¢) := dim Ker(¢) — dim Coker(gp).
i. Prove that U decomposes into a direct sum of Ker(¢) and two

K-modules U’ and U” such that Ker(y o ¢) = Ker(¢) @ U’ and
Im(3 o @) = P(p(U")).

ii. Prove thatif two of the three K-linear maps ¢, 3, and o are of
finite index, then so is the third and ind(3)o¢) = ind(¢)+ind(y).

Can the false statements be salvaged
in some way? In other words, can one
find a closely related nontrivial true
statement.

Homg(V', W)
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