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Ⅿodules over a commutative ring can be much more complicated
than vector spaces. To understand this disparity, we need more
mechanisms for producing modules.

9.0 Products and Ⅾirect Sums
The product of a family of modules is the “most general” module
which admits a homomorphism to each family member. Revers‑
ing the maps, the direct sum of a family of modules is the “least
specific” module to which each family member admits a homomor‑
phism. Ⅾespite this seemingly innocuous change, direct sums are
quite unlike products.

9.0.1 Ⅾefinition. Ⅼet 𝐽 be an index set and let {𝑉𝑗}𝑗∈𝐽 be a family of𝑅‑modules. The product 𝑉 ∶= ∏𝑗∈𝐽 𝑉𝑗 is the Ⅽartesian product of
sets with the 𝑅‑module structure defined componentwise: for any𝑟 and 𝑠 in 𝑅, and any 𝑢 ∶= (𝑢𝑗)𝑗∈𝐽 and 𝑣 ∶= (𝑣𝑗)𝑗∈𝐽 in 𝑉 , we have𝑟 𝑢+𝑠𝑣 = (𝑟 𝑢𝑗 +𝑠𝑣𝑗)𝑗∈𝐽 . This module structure is precisely the one
that makes canonical projection maps𝜛𝑗∶ 𝑉 →𝑉𝑗 𝑅‑linear.

When 𝐽 = ∅, the product∏𝑗∈𝐽 𝑉𝑗 is
the zero 𝑅‑module.

9.0.2 Proposition (Universal mapping property for products). Ⅼet𝑉 ∶= ∏𝑗∈𝐽 𝑉𝑗 be the product of a family of𝑅‑modules. For any𝑅‑module𝑊 and any family {𝜑𝑗 ∶ 𝑊 →𝑉𝑗}𝑗∈𝐽 of 𝑅‑linear maps, there is a unique𝑅‑linear map 𝜑∶𝑊 →𝑉 such that𝜛𝑗 ∘ 𝜑 = 𝜑𝑗 for all 𝑗 ∈ 𝐽.
∏𝑗∈𝐽 𝑉𝑗

𝑊 𝑉𝑗
𝜛𝑗𝜑

𝜑𝑗
Figure 9.1: Ⅽommutative diagram
arising from Proposition 9.0.2

Proof. This follows directly from the definitions.

9.0.3 Remark. Rephrasing this proposition, it follows that, for any𝑅‑module𝑊 and any family {𝑉𝑗}𝑗∈𝐽 of 𝑅‑modules, the map
Hom𝑅(𝑊,∏𝑗∈𝐽 𝑉𝑗)→∏𝑗∈𝐽 Hom𝑅(𝑊,𝑉𝑗)

which sends themap𝜑∶𝑊 →∏𝑗∈𝐽 𝑉𝑗 to the family {𝜛𝑗 ∘ 𝜑}𝑗∈𝐽 is an𝑅‑module isomorphism.
9.0.4 Remark. The product of 𝑅‑modules is both commutative and
associative: for any 𝑅‑modules𝑈, 𝑉 , and𝑊 , there exists canonical
isomorphisms𝑈 ×𝑉 ≅ 𝑉 ×𝑈 and (𝑈 × 𝑉) ×𝑊 ≅ 𝑈 × (𝑉 ×𝑊).
9.0.5 Ⅾefinition. Ⅼet 𝐽 be an index set and let {𝑉𝑗}𝑗∈𝐽 be a family of𝑅‑modules. The direct sum⨁𝑗∈𝐽 𝑉𝑗 is the submodule of the product𝑉 ∶= ∏𝑗∈𝐽 𝑉𝑗 consisting of all elements 𝑣 in 𝑉 such that𝜛𝑗(𝑣) = 0
for all but finitely many indices 𝑗. For any 𝑘 in 𝐽, let 𝛾𝑘∶ 𝑉𝑘 →𝑉 be
the unique map that sends an element 𝑣𝑘 in 𝑉𝑘 to the element in 𝑉
satisfying𝜛𝑗(𝛾𝑘(𝑣𝑘)) = 𝑣𝑘 𝛿𝑗,𝑘. By construction, each map 𝛾𝑘 is an
injective 𝑅‑module homomorphism from 𝑉𝑘 into⨁𝑗∈𝐽 𝑉𝑗 . For any𝑣 in⨁𝑗∈𝐽 𝑉𝑗 , we have 𝑣 = ∑𝑗∈𝐽(𝛾𝑗 ∘ 𝜛𝑗)(𝑣).

When 𝐽 = ∅, we have⨁𝑗∈𝐽 𝑉𝑗 = 0.
When the index set 𝐽 is finite, we also
have⨁𝑗∈𝐽 𝑉𝑗 = ∏𝑗∈𝐽 𝑉𝑗 .
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9.0.6 Proposition (Universal mapping property for direct sums). Ⅼet{𝑉𝑗}𝑗∈𝐽 be a family of 𝑅‑modules. For any 𝑅‑module𝑊 and any family{𝜓𝑗 ∶ 𝑉𝑗 →𝑊}𝑗∈𝐽 of 𝑅‑linear maps, there exists a unique 𝑅‑linear map𝜓∶ ⨁𝑗∈𝐽 𝑉𝑗 →𝑊 such that 𝜓 ∘ 𝛾𝑗 = 𝜓𝑗 for all 𝑗 ∈ 𝐽.
𝑉𝑗 𝑊

⨁𝑗∈𝐽 𝑉𝑗

𝜓𝑗
𝛾𝑗 𝜓

Figure 9.2: Ⅽommutative diagrams
arising from Proposition 9.0.6

Proof. Suppose that 𝜓 exists. For any 𝑣 in⨁𝑗∈𝐽 𝑉𝑗 , we have𝜓(𝑣) = ∑𝑗∈𝐽(𝜓 ∘ 𝛾𝑗 ∘ 𝜛𝑗)(𝑣) = ∑𝑗∈𝐽(𝜓𝑗 ∘ 𝜛𝑗)(𝑣) ,
whence the uniqueness of 𝜓. Setting 𝜓(𝑣)∶= ∑𝑗∈𝐽(𝜓𝑗 ∘ 𝜋𝑗)(𝑣), one
immediately verifies that an 𝑅‑module homomorphism has been
defined satisfying the conditions in the statement.

9.0.7 Remark. Rephrasing this proposition, it follows that, for any𝑅‑module𝑊 and any family {𝑉𝑗}𝑗∈𝐽 of 𝑅‑modules, the map
Hom𝑅(⨁𝑗∈𝐽 𝑉𝑗,𝑊)→∏𝑗∈𝐽 Hom𝑅(𝑉𝑗,𝑊)

which sends the map 𝜑∶𝑊 →⨁𝑗∈𝐽 𝑉𝑗 to the family {𝜑 ∘ 𝛾𝑗}𝑗∈𝐽 is an𝑅‑module isomorphism.
9.0.8 Remark. The direct sum is also commutative and associative:
for any 𝑅‑modules𝑈, 𝑉 , and𝑊 , there are canonical isomorphisms𝑈 ⊕𝑉 ≅ 𝑉 ⊕𝑈 and (𝑈 ⊕𝑉)⊕𝑊 ≅ 𝑈 ⊕ (𝑉 ⊕𝑊).
9.0.9 Ⅾefinition. An 𝑅‑module𝑊 is a direct sum of a family {𝑉𝑗}𝑗∈𝐽
of submodules of𝑊 if the canonical 𝑅‑linear map⨁𝑗∈𝐽 𝑉𝑗 →𝑊 is
an isomorphism. This is equivalent to saying that every element 𝑤
in𝑊 can be written uniquely in the form 𝑤 = ∑𝑗∈𝐽 𝑣𝑗 where 𝑣𝑗 in𝑉𝑗 for all 𝑗 ∈ 𝐽.
9.0.10 Ⅾefinition. The submodule of𝑊 generated by the union of
a family {𝑉𝑗}𝑗∈𝐽 of submodules is the sum of the family and denoted
by ∑𝑗∈𝐽 𝑉𝑗 . Writing 𝛾𝑗 ∶ 𝑉𝑗 → 𝑊 for the canonical injection and𝛾∶ ⨁𝑗∈𝐽 𝑉𝑗 →𝑊 for the unique map satisfying 𝛾(𝑣𝑗) = ∑𝑗∈𝐽 𝛾𝑗(𝑣𝑗),
the 𝑅‑module∑𝑗∈𝐽 𝑉𝑗 is the image of 𝛾.
9.0.11 Proposition. Ⅼet 𝑊 be an 𝑅‑module. For any family {𝑉𝑗}𝑗∈𝐽 of
submodules in𝑊 , the following properties are equivalent:
a. The submodule∑𝑗∈𝐽 𝑉𝑗 is the direct sum of the family {𝑉𝑗}𝑗∈𝐽 .
b. The relation∑𝑗∈𝐽 𝑣𝑗 = 0 where 𝑣𝑗 ∈ 𝑉𝑗 implies 𝑣𝑗 = 0 for all 𝑗 ∈ 𝐽.
c. For all 𝑘 ∈ 𝐽, the intersection of 𝑉𝑘 and∑𝑗≠𝑘 𝑉𝑗 is 0.
Proof.
a⇔b: Since∑𝑗∈𝐽 𝑣𝑗 = ∑𝑗∈𝐽 𝑢𝑗 if and only if∑𝑗∈𝐽(𝑣𝑗 − 𝑢𝑗) = 0, we
see that properties a and b are equivalent.

a⇒c: The uniqueness of the expression for an element in the sum∑𝑗∈𝐽 𝑉𝑗 guarentees that the intersections are 0.
c ⇒b: The relation∑𝑗∈𝐽 𝑣𝑗 = 0 can bewritten as 𝑣𝑘 = ∑𝑗≠𝑘 −𝑣𝑗 and
property c implies that 𝑣𝑘 = 0.
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9.1 Exactness
The theory of modules benefits greatly from diagramatic reasoning.
Ⅾespite its banal definition, the exactness property is surprisingly
useful in this regard.

9.1.1 Ⅾefinition. Ⅼet 𝜑∶ 𝑈 → 𝑉 and 𝜓∶ 𝑉 → 𝑊 be 𝑅‑linear maps.
The pair (𝜑,𝜓) or the diagram𝑈 𝑉 𝑊𝜑 𝜓
is an exact sequence if Ker(𝜓) = Ɪm(𝜑). Ⅽonsider the diagram

For the pair (𝜑,𝜓) to form an exact
sequence, one must have 𝜓 ∘ 𝜑 = 0
because this property yields the
inclusion Ɪm(𝜑) ⊆ Ker(𝜓).

𝑈 𝑉 𝑊 𝑋 .𝜑 𝜓 𝜃
This diagram is exact at 𝑉 if the pair (𝜑,𝜓) is exact. Ɪt is exact at𝑊
if the pair (𝜓, 𝜃) is exact. Ɪf the diagram is exact at each module, it
is an exact sequence. Exact sequences with an arbitrary number of
terms are defined similarly.

9.1.2 Remarks. The sequence 0 𝑈 𝑉𝜑
is exact if and

only if 𝜑 be injective. Similarly, the sequence 𝑈 𝑉 0𝜑
is exact if and only if 𝜑 be surjective.

Ⅿultiplication by 2 yields the exact
sequence0 ℤ ℤ ℤ/⟨2⟩ 02
of ℤ‑modules.

Suppose that𝑈 is a submodule of an𝑅‑module𝑉 . The canonical
inclusion 𝜄∶ 𝑈 →𝑉 and the canonical surjection 𝜋∶ 𝑉 →𝑉/𝑈 form
the exact sequence 0 𝑈 𝑉 𝑉/𝑈 0𝜄 𝜋 , and
any𝑅‑module homomorphism𝜑∶ 𝑈→𝑉 yields the exact sequence

0 Ker(𝜑) 𝑉 𝑊 Ⅽoker(𝜑) 0 .𝜑
9.1.3 Proposition. For any submodules 𝑈 and 𝑊 of an 𝑅‑module 𝑉 ,
there exists two exact sequences

0 𝑈 ∩𝑊 𝑈 ⊕𝑊 𝑈 +𝑊 0
0 𝑉𝑈 ∩𝑊 𝑉𝑈 ⊕ 𝑉𝑊 𝑉𝑈 +𝑊 0

[ 𝜂𝑈𝜂𝑊 ] [ 𝜁𝑈 −𝜁𝑊 ]
[ 𝛽𝑈𝛽𝑊 ] [𝛼𝑈 −𝛼𝑊 ]

where the 𝑅‑linear maps 𝜂𝑈∶ 𝑈 ∩ 𝑊 → 𝑈, 𝜂𝑊 ∶ 𝑈 ∩ 𝑊 → 𝑊 , and𝜁𝑈∶ 𝑈 → 𝑈 +𝑊 , 𝜁𝑊 ∶ 𝑊 → 𝑈 +𝑊 are the canonical injections, the𝑅‑linear maps 𝛽𝑈∶ 𝑉/(𝑈 ∩𝑊)→𝑉/𝑈 and 𝛽𝑊 ∶ 𝑉/(𝑈 ∩𝑊)→𝑉/𝑊
are induced by the identity map id𝑉 ∶ 𝑉 → 𝑉 , and the 𝑅‑linear maps𝛼𝑈∶ 𝑉/𝑈→𝑉/(𝑈+𝑊)and𝛼𝑊∶ 𝑉/𝑊 →𝑉/(𝑈+𝑊)are the canonical
surjections.

Proof. From the definition of𝑈 +𝑊 , we see that the map [ 𝜁𝑈 −𝜁𝑊 ]
is surjective. As the maps 𝜂𝑈 and 𝜂𝑊 are injective, the map [ 𝜂𝑈𝜂𝑊 ] is
also injective. To say that [ 𝜁𝑈 −𝜁𝑊 ](𝑢,𝑤) = 0 for some 𝑢 in 𝑈 and
some 𝑤 in 𝑊 means that 𝜁𝑈(𝑢) − 𝜁𝑊(𝑤) = 0. Thus, there is 𝑣 in𝑈 ∩𝑊 such that 𝑣 = 𝜁𝑈(𝑢) = 𝜁𝑊(𝑤), so 𝑢 = 𝜂𝑈(𝑣) and𝑤 = 𝜂𝑊(𝑣).
We conclude that Ker([ 𝜁𝑈 −𝜁𝑊 ]) = Ɪm([ 𝜂𝑈𝜂𝑊 ]).
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As the maps 𝛼𝑈 and 𝛼𝑊 are surjective, the map [ 𝛼𝑈 −𝛼𝑊 ] is also
surjective. Ɪf [ 𝛽𝑈𝛽𝑊 ](𝑣) = 0 for some 𝑣 in 𝑉/(𝑈 ∩ 𝑊), then we have𝛽𝑈(𝑣) = 𝛽𝑊(𝑣) = 0which implies that 𝑣 is the class of an element in𝑈∩𝑊 . To say that [ 𝛼𝑈 −𝛼𝑊 ](𝑢,𝑤) = 0 for some 𝑢 in𝑉/𝑈 and some𝑤 in 𝑉/𝑊 means that 𝛼𝑈(𝑢) = 𝛼𝑊(𝑤). Thus, there exists 𝑢′ and𝑤′ in 𝑉 whose classes modulo 𝑈 and 𝑊 are 𝑢 and 𝑤 respectively
and 𝑢′ − 𝑤′ lies in 𝑈 + 𝑊 . Ɪt follows that there are 𝑢″ in 𝑈 and𝑤″ in 𝑊 such that 𝑢′ − 𝑤′ = 𝑢″ − 𝑤″, so there also exists 𝑣′ in 𝑉
such that 𝑢′ − 𝑢″ = 𝑤′ − 𝑤″ = 𝑣′. Ⅼet 𝑣 be the class of the element𝑣′ modulo 𝑈 ∩ 𝑊 . Since 𝛽𝑈(𝑣) = 𝑢 and 𝛽𝑊(𝑣) = 𝑤, we see that
Ker([ 𝛼𝑈 −𝛼𝑊 ]) = Ɪm([ 𝛽𝑈𝛽𝑊 ]).
9.1.4 Ⅾefinition. Ɪn an 𝑅‑module 𝑉 , the submodules 𝑈 and𝑊 are
complementary if 𝑉 = 𝑈 ⊕𝑊 .

The characterization of direct sums of
submodules implies that𝑈 and𝑊 are
complementary submodules of 𝑉 if
and only if𝑈 +𝑊 = 𝑉 and𝑈 ∩𝑊 = 0.

9.1.5 Example. All submodules of the ℤ‑module ℤ1 have the form⟨𝑚⟩ for some nonnegative integer 𝑚, but ⟨𝑚⟩ ∩ ⟨𝑛⟩ = ⟨lcm(𝑚,𝑛)⟩.
Thus, ℤ1 and 0 are the only complementary submodules in ℤ1. ⟡
9.1.6 Proposition. When 𝑉 = 𝑈 ⊕𝑊 , the restriction 𝜋|𝑈 ∶ 𝑈→𝑉/𝑊
of the canonical map 𝜋∶ 𝑉 →𝑉/𝑊 is an isomorphism. Any two complements of a submodule

are isomorphic.

Proof. The map 𝜋|𝑈 is surjective because𝑈 +𝑊 = 𝑉 . Ɪt is injective
because its kernel is𝑈 ∩𝑊 = 0.
9.1.7 Proposition. Given an exact sequence of 𝑅‑modules0 𝑈 𝑉 𝑊 0 ,𝜑 𝜓
the following are equivalent:
a. There exists an 𝑅‑linear map 𝜃∶ 𝑉 →𝑈 such that 𝜃 ∘ 𝜑 = id𝑈 .
b. There exists an 𝑅‑linear map 𝜎∶𝑊 →𝑉 such that 𝜓 ∘ 𝜎 = id𝑊 .
c. There exists an isomorphism 𝑉 ≅ 𝑈 ⊕𝑊 .
The homomorphisms 𝜃 and 𝜎 are said to split the exact sequence.
Sketch of proof.
a⇒c: For any 𝑣 in 𝑉 , we have𝜃(𝑣 − (𝜑 ∘ 𝜃)(𝑣)) = 𝜃(𝑣) − (𝜃 ∘ 𝜑)(𝜃(𝑣)) = 0 ,
so𝑣−(𝜑∘𝜃)(𝑣) ∈ Ker(𝜃) and𝑉 = Ker(𝜃)+Ɪm(𝜑). Ⅽonsider𝑢 in𝑈
such that 𝜑(𝑢) ∈ Ker(𝜃) ∩ Ɪm(𝜑). Ɪt follows that 0 = 𝜃(𝜑(𝑢)) = 𝑢,
so 𝜑(𝑢) = 𝜑(0) = 0. We conclude that 𝑉 ≅ Ɪm(𝜑) ⊕ Ker(𝜃).

b⇒c is similar to a⇒c.

a⇒b: For any 𝑤 in 𝑊 , there exists 𝑣 in 𝑉 such that 𝜓(𝑣) = 𝑤 be‑
cause 𝜓 is surjective. Ⅾefine 𝜎∶𝑊 →𝑉 by 𝜎(𝑤)∶= 𝑣 − (𝜑 ∘ 𝜃)(𝑣).
Ɪf 𝜓(𝑣) = 𝑢 = 𝜓(𝑣′), then we have 𝑣 − 𝑣′ ∈ Ker(𝜓) = Ɪm(𝜑), so𝑣 − (𝜑 ∘ 𝜃)(𝑣) − (𝑣′ − (𝜑 ∘ 𝜃)(𝑣′)) = (𝑣 − 𝑣′) − (𝜑 ∘ 𝜃)(𝑣 − 𝑣′)
belongs to Ɪm(𝜑) ∩ Ker(𝜃) = 0 and the map 𝜎 is well‑defined. By
construction, we have 𝜓 ∘ 𝜎 = id𝑊 .

b⇒a is similar to a⇒b.

c ⇒a: When 𝑉 ≅ 𝑈 ⊕𝑊 , the mapping property of product shows
that the canonical surjection𝜛∶ 𝑉 →𝑈 satisfies𝜛∘𝜑 = id𝑈 . c ⇒b is similar to c ⇒a.
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9.2 Free Ⅿodules
Ɪn analogy with free groups, we identify those modules having only
the relations required by the module axioms.

9.2.1 Ⅾefinition. Ⅼet 𝑅 be a commutative ring. For any index set 𝐽,
consider the 𝑅‑module 𝑅(𝐽) ∶= ⨁𝑗∈𝐽 𝑅1. For each 𝑗 ∈ 𝐽 and each
canonical map 𝛾𝑗 ∶ 𝑅1 → 𝑅(𝐽), set 𝑒𝑗 ∶= 𝛾𝑗(1𝑅). With this notation,
every 𝑟∶= (𝑟𝑗) ∈ 𝑅(𝐽) may be written uniquely as 𝑟 = ∑𝑗∈𝐽 𝑟𝑗 𝑒𝑗 . Ⅼet𝜀∶ 𝐽 →𝑅(𝐽) be set map defined by 𝑗 ↦ 𝑒𝑗 .
9.2.2 Ⅼemma. For any 𝑅‑module 𝑉 and any map 𝜉∶ 𝐽 → 𝑉 , there is a
unique 𝑅‑module homomorphism 𝜑∶ 𝑅(𝐽) →𝑉 such that 𝜉 = 𝜑 ∘ 𝜀. Ⅽompare with Ⅾefinition 4.2.1.

Proof. The condition 𝜉 = 𝜑 ∘ 𝜀means that 𝜑(𝑒𝑗) = 𝜉(𝑗) for all 𝑗 ∈ 𝐽
which is equivalent to 𝜑(𝑟 𝑒𝑗) = 𝑟 𝜉(𝑗) for all 𝑟 ∈ 𝑅 and 𝑗 ∈ 𝐽. Ɪt
also means that the composition 𝜑 ∘ 𝛾𝑗∶ 𝑅 → 𝑉 is the 𝑅‑module
homomorphism given by 𝑟 ↦ 𝑟 𝜉(𝛼). The proposition is therefore a
special case of the mapping property for direct sums.

𝐽 𝑉
𝑅(𝐽)

𝜉
𝜀 𝜑

Figure 9.3: Ⅽommutative diagram
arising from Ⅼemma 9.2.2

9.2.3 Remark. The linear map 𝜑∶ 𝑅(𝐽) → 𝑉 is said to be determined
by the family {𝜉(𝑗)}𝑗∈𝐽 of elements in 𝑉 . By definition, we have𝜑(∑𝑗∈𝐽 𝑟𝑗 𝑒𝑗) = ∑𝑗∈𝐽 𝑟𝑗 𝜉(𝑗) .
9.2.4 Ⅾefinition. A family {𝑣𝑗}𝑗∈𝐽 of elements in an 𝑅‑module 𝑉 is
linearly independent (resp. a basis) if the 𝑅‑module homomorphism𝑅(𝐽) → 𝑉 determined by this family is injective (resp. bijective). A
module is free if it has a basis.

When 𝑅 is a domain and 𝑓 and 𝑔 are
distinct nonzero elements in 𝑅, then
set {𝑓, 𝑔} is linearly dependent
because (−𝑔)𝑓 + 𝑓(𝑔) = 0.

9.2.5 Example. Ⅼet𝑚 be an integer greater than 1. Ɪn the quotientℤ‑module ℤ1/⟨𝑚⟩, no element is linearly independent, so ℤ1/ ⟨𝑚⟩ is
not a free module. ⟡
9.2.6 Example. A freemodule can have nonzero elements which are
not part of a basis. The 𝑅‑module 𝑅1 is free, but zerodivisors in 𝑅
are not part of a basis (they are not linearly independent). ⟡
9.2.7 Example. Every nonzero element of an 𝑅‑module can form a
linearly independent setwithout themodule being free. The fieldℚ
is a ℤ‑module with this property: a pair nonzero rational numbers
are always linearly dependent. For any 𝑎, 𝑏, 𝑐, and 𝑑 in ℤwith 𝑏 ≠ 0
and 𝑑 ≠ 0, we have (𝑏 𝑐)𝑎𝑏 − (𝑎𝑑) 𝑐𝑑 = 0 .
Hence, a basis could only have at most one element. However, for
any 𝑞 inℚ, the set {𝑛 𝑞 || 𝑛 ∈ ℤ} is a proper subset ofℚ. ⟡
9.2.8 Proposition. Ⅼet 𝑉 be a free 𝑅‑module with basis {𝑣𝑗}𝑗∈𝐽 . For any
family {𝑤𝑗}𝑗∈𝐽 of elements in an 𝑅‑module𝑊 , there is a unique 𝑅‑linear
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map 𝜓∶ 𝑉 → 𝑊 such that 𝜓(𝑣𝑗) = 𝑤𝑗 for all 𝑗 ∈ 𝐽. The map 𝜓 is
injective (resp. surjective) if and only if the family {𝑤𝑗}𝑗∈𝐽 of elements in𝑊 be a linearly independent (resp. generating set of𝑊 ).
Proof. This follows from the definitions and Ⅼemma 9.2.2.

9.2.9 Ⅽorollary. Every 𝑅‑module 𝑉 is the quotient of a free 𝑅‑module. Ⅽompare with Proposition 4.3.4.

Proof. When 𝐽 indexes a generating set of 𝑉 , there is a surjective𝑅‑module homomorphism 𝑅(𝐽) → 𝑉 . Ɪn particular, one may take𝐽 = 𝑉 . Ɪf 𝑈 denotes the kernel of this map, then Theorem 8.4.13
shows that the 𝑅‑module 𝑉 is isomorphic to 𝑅(𝐽)/𝑈.
9.2.10 Ⅽorollary. Every exact sequence of 𝑅‑modules0 𝑈 𝑉 𝑊 0 ,𝜑 𝜓
in which𝑊 is a free 𝑅‑module, splits. To be precise, if {𝑤𝑗}𝑗∈𝐽 is a basis
for𝑊 , and 𝑣𝑗 is an element of 𝑉 such that𝜓(𝑣𝑗) = 𝑤𝑗 for all 𝑗 ∈ 𝐽, then
the family {𝑣𝑗}𝑗∈𝑗 is linearly independent and generates a complementary
submodule of 𝜑(𝑈).
Proof. Since𝑊 is a free 𝑅‑module, Proposition 9.2.8 demonstrates
that there exists a unique 𝑅‑module homomorphism 𝜎∶ 𝑊 → 𝑉
such that 𝜎(𝑤𝑗) = 𝑣𝑗 for all 𝑗 ∈ 𝐽 and Proposition 9.1.7 shows that
the exact sequence splits.

With the aim of understanding all free modules, we record the
following minor observation.

9.2.11 Ⅼemma. Ⅼet 𝐾 be a field and let {𝑢𝑗}𝑗∈𝐽 be linearly independent
elements in 𝐾‑vector space 𝑉 . Given an element 𝑤 in 𝑉 that does not
belong to the submodule𝑈 generated by {𝑢𝑗}𝑗∈𝐽 , the family {𝑤}∪ {𝑢𝑗}𝑗∈𝐽
is linearly independent.

Proof. Suppose that we have a relation 𝑠𝑤+∑𝑗∈𝐽 𝑟𝑗 𝑢𝑗 = 0 for some𝑠 in𝐾, some 𝑟𝑗 in𝐾 for all 𝑗 ∈ 𝐽, and only finitely many of the 𝑟𝑗 are
nonzero. Ɪf 𝑠 ≠ 0, then it would follow that 𝑤 = −∑𝑗∈𝐽(𝑠−1 𝑟𝑗) 𝑢𝑗
and hence𝑤 ∈ 𝑈 contrary to hypothesis. Thus, wemust have 𝑠 = 0
and the relation becomes∑𝑗∈𝐽 𝑟𝑗 𝑢𝑗 = 0 which implies that 𝑟𝑗 = 0
for all 𝑗 ∈ 𝐽. Since the only relation among the elements is trivial,
the family {𝑤} ∪ {𝑢𝑗}𝑗∈𝐽 is linearly independent.
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9.3 Ⅴector Spaces
Ⅽharacterizing modules over a field, also known as vector spaces,
leads to deeper insights into all free modules.

9.3.1 Theorem. Every module over a field𝐾 is a free.
Wemust demonstrate that every vector space admits a basis. The

following more precise theorem accomplishes this task.

9.3.2 Theorem. For any generating set 𝒮 of a𝐾‑vector space 𝑉 and any
linearly independent set ℒ of 𝑉 contained in 𝒮, there exists a basisℬ of𝑉 such thatℒ ⊆ ℬ ⊆ 𝒮.
Proof of Theorem 9.3.1. The existence of a basis for any vector space𝑉 follows from Theorem 9.3.2 by taking ℒ = ∅ and 𝒮 = 𝑉 .
Proof of Theorem 9.3.2. Ⅼet ℰ be the set of all linearly independent
subsets of 𝑉 that contain ℒ and are contained in 𝒮. This family is
nonempty, because ℒ ∈ ℰ. Partially order ℰ by inclusion. Given
a chain 𝒞 in ℰ, we claim that 𝒞∗ ∶= ⋃𝐿∈𝒞 𝐿 is an upper bound for𝒞. Ⅽonsider a finite subset {𝑢1, 𝑢2,… ,𝑢𝑚} ⊆ 𝒞∗. Since 𝒞 is a chain,
there exists 𝐿 ∈ 𝒞 such that {𝑢1, 𝑢2,… ,𝑢𝑚} ⊆ 𝐿. Hence, the set{𝑢1, 𝑢2,… ,𝑢𝑚} is linearly independent. Ɪt follows that every chain inℰ has an upper bound. Hence, Zorn’s Ⅼemma implies that there is a
maximal element ℬ and Ⅼemma 9.2.11 implies that the submodule⟨ℬ⟩ is equal to 𝑉 .
9.3.3 Ⅽorollary. For any subset ℬ of a 𝐾‑vector space 𝑉 , the following
properties are equivalent:
a. ℬ is a basis of 𝑉 .
b. ℬ is a maximal linearly independent subset of 𝑉 .
c. ℬ is a minimal generating set of 𝑉 .
9.3.4 Example. Any ring 𝑅 containing a field 𝐾 may be regarded as
a𝐾‑vector space, so it admits a basis. Ɪn particular, every extension
field of 𝐾 has a basis. ⟡ The fieldℝ admits an infinite basis as

aℚ‑vector space.
9.3.5 Theorem. Two bases of a vector space have the same cardinality.

Proof. Suppose that𝑉 is a vector space with a basisℬ of cardinality𝑛 for some nonnegative integer 𝑛. We show, by induction on 𝑛, that
every other basisℬ′ has at most 𝑛 elements. The claim is trivial for𝑛 = 0. When 𝑛 ⩾ 1, the set ℬ′ is nonempty so choose 𝑤 ∈ ℬ′. By
Theorem 9.3.2, there exists a subset 𝒞 ⊆ ℬ such that {𝑤} ∪ 𝒞 is a
basis of 𝑉 and 𝑤 ∉ 𝒞 because {𝑤} ∪ ℬ is obviously a generating
set for 𝑉 . As ℬ is a basis for 𝑉 , 𝒞 = ℬ is impossible and hence 𝒞
has at most 𝑛 − 1 elements. Ⅼet 𝑈 be the subspaced generated by𝒞 and𝑊 be the subspace generated byℬ′ ∖ {𝑤}. Both𝑈 and𝑊 are
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complementary to ⟨𝑤⟩ and hence isomorphic. As 𝑈 admits a basis
with at most 𝑛− 1 elements,ℬ′ ∖ {𝑤} has at most 𝑛− 1 elements by
the induction hypothesis. Therefore,ℬ′ has at most 𝑛 elements.
Next suppose that 𝑉 has an infinite basis so 𝑉 = ∏𝑗∈𝐽 𝑉𝑗 where𝐽 has infinite cardinality. We claim that every generating set has

cardinality at least that of 𝐽. Ⅼet 𝒮 be a generating set for 𝑉 . For
each 𝑠 ∈ 𝒮, let 𝐶𝑠 be the finite set of indices 𝑗 ∈ 𝐽 such that the
component of 𝑠 in 𝑉𝑗 is nonzero and let 𝐶 ∶= ⋃𝑠∈𝒮 𝐶𝑠. Every 𝑠 ∈ 𝒮
belongs to the submodule⨁𝑗∈𝐶 𝑉𝑗 ; since 𝒮 generates 𝑉 it follows
that 𝐶 = 𝐽. Since |𝐽| = |𝐶| ⩽ |𝑆|, the claim follows.
9.3.6Ⅾefinition. Ⅼet𝐾 be a field. The dimension of a𝐾‑vector space𝑉 is the cardinality of any of the bases of 𝑉 and denoted by dim𝐾 𝑉 . When dim𝐾 𝑉 < ∞, the 𝐾‑vector

space 𝑉 is finite‑dimensional and
otherwise it infinite‑dimensional.

9.3.7 Ⅼemma. For any family {𝑉𝑗}𝑗∈𝐽 of𝐾‑vector spaces, we have
dim𝐾(⨁𝑗∈𝐽 𝑉𝑗) = ∑𝑗∈𝐽 dim𝐾 𝑉𝑗 .

Sketch of proof. Whenℬ𝑗 is a basis for the𝐾‑vector space 𝑉𝑗 for any𝑗 ∈ 𝐽, the union ℬ ∶= ⋃𝑗∈𝐽 ℬ𝑗 is a basis for⨁𝑗∈𝐽 𝑉𝑗 . The formula
follows because theℬ𝑗 are pairwise disjoint.
9.3.8 Proposition. For any exact sequence of𝐾‑vector spaces0 𝑉ℓ 𝑉ℓ−1 ⋯ 𝑉1 𝑉0 0 ,𝜑ℓ 𝜑ℓ−1 𝜑1
we have∑ℓ𝑗=0(−1)𝑗 dim𝑅 𝑉𝑗 = 0.
Proof. Setting𝑈−1 ∶= 0,𝑈ℓ∶= 0, and𝑈𝑗−1 ∶= Ɪm(𝜑𝑗) = Ker(𝜑𝑗−1) for
all 1 ⩽ 𝑗 ⩽ ℓ, we obtain the short exact sequences0 𝑈𝑗 𝑉𝑗 𝑈𝑗−1 0 ,
Ⅽorollary 9.2.10 demonstrates that 𝑉𝑗 = 𝑈𝑗 ⊕𝑈𝑗−1 and Ⅼemma 9.3.7
establishes that dim𝐾 𝑉𝑗 = dim𝐾 𝑈𝑗+dim𝑈𝑗−1. The alternating sum
telescopes, so we have

0 = ℓ∑𝑗=0(−1)𝑗 (dim𝐾 𝑈𝑗 + dim𝐾 𝑈𝑗−1) = ℓ∑𝑗=0(−1)𝑗 dim𝐾 𝑉𝑗 .
9.3.9 Ⅽorollary. For any nonzero ring 𝑅 and any free 𝑅‑module 𝑉 , any
two basis of 𝑉 have the same cardinality.
Ɪdea of proof. Ⅼet 𝐼 be a maximal ideal in the ring 𝑅, let 𝐾 ∶= 𝑅/𝐼 be
the associated field, and let𝜋∶ 𝑅→𝐾 be the canonical𝑅‑linearmap.
Ⅽonsider the 𝐾‑vector space 𝜋∗(𝑉) = 𝐾 ⊗𝑅 𝑉 = 𝑉/𝐼𝑉 obtained by
extending scalars to𝐾 and let 𝜙∶ 𝑉 →𝜋∗(𝑉) be the map defined by𝑣 ↦ 1⊗ 𝑣. Given a basis {𝑣𝑗}𝑗∈𝐽 of 𝑉 , the family {𝜙(𝑣𝑗)}𝑗∈𝐽 is a basis
of 𝜋∗(𝑉).
9.3.10 Ⅾefinition. The cardinality of any basis for a free 𝑅‑module𝑉 is called the rank of 𝑉 and denoted by rank𝑅 𝑉 .
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9.4 Exercises
9.4.1 Problem. Ⅾetermine which of the following statements are
true. Ɪf a statement is false, then provide a counterexample.

Ⅽan the false statements be salvaged
in some way? Ɪn other words, can one
find a closely related nontrivial true
statement.

i. For any submodule𝑈 of 𝐾‑vector space 𝑉 , we have
dim𝐾 𝑈 + dim𝐾 𝑉/𝑈 = dim𝐾 𝑉 .

ii. For any submodules𝑈 and𝑊 of a 𝐾‑vector space 𝑉 , we have
dim𝐾(𝑈 ∩𝑊) + dim𝐾(𝑈 +𝑊) = dim𝐾(𝑈) + dim𝐾(𝑊) .

9.4.2 Problem.
i. Ⅼet 𝜑∶ 𝑉′ → 𝑉 and 𝜓∶ 𝑉 →𝑉″ be 𝑅‑linear maps. Prove that the
sequence 𝑉′ 𝑉 𝑉″ 0𝜑 𝜓
is exact if and only if, for every 𝑅‑module𝑊 , the sequence
0 Hom𝑅(𝑉″,𝑊) Hom𝑅(𝑉,𝑊) Hom𝑅(𝑉′,𝑊)Hom𝑅(𝜓,𝑊) Hom𝑅(𝜑,𝑊)
is exact.

ii. Show that Homℤ(ℤ/⟨𝑚⟩ ,ℤ/⟨𝑛⟩) ≅ ℤ/ ⟨𝑑⟩ where 𝑑∶= gcd(𝑚,𝑛).
9.4.3 Problem. Ⅼet 𝐾 be a field and let 𝑈, 𝑉 , and 𝑊 be 𝐾‑vector
spaces. Ⅽonsider 𝐾‑linear maps 𝜑∶ 𝑈 → 𝑉 and 𝜓∶ 𝑉 → 𝑊 . The
map𝜑has finite index if bothof the𝐾‑modulesKer(𝜑) andⅭoker(𝜑)
are finite‑dimensional. The index of 𝜑 is

ind(𝜑)∶= dimKer(𝜑) − dimⅭoker(𝜑) .
i. Prove that 𝑈 decomposes into a direct sum of Ker(𝜑) and two𝐾‑modules𝑈′ and𝑈″ such that Ker(𝜓 ∘ 𝜑) = Ker(𝜑) ⊕𝑈′ and
Ɪm(𝜓 ∘ 𝜑) = 𝜓(𝜑(𝑈″)).

ii. Prove that if two of the three𝐾‑linearmaps𝜑,𝜓, and𝜓∘𝜑 are of
finite index, then so is the third and ind(𝜓∘𝜑) = ind(𝜑)+ind(𝜓).
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