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Ⅿuch like integers factoring into primes, finitely generatedmodules
over a principal ideal domain have a decomposition into a direct
sum of cyclic modules. This classification can also be viewed as a
normal form for matrices over a principal ideal domain.

10.0 Submodules of Free Ⅿodules
Over a field, submodules of a free module are automatically free
because every module over a field is free. What condition a ring
guarantees that a submodule of a free module is again free?

10.0.1 Theorem. Ⅼet 𝑅 be a principal ideal domain. Every submodule of
a finitely generated free 𝑅‑module of rank 𝑛 is free of rank at most 𝑛.
We actually prove a more precise result.

10.0.2 Ⅼemma. Ⅼet 𝑅 be a principal ideal domain and let 𝑉 be a finitely
generated free𝑅‑module. For any nonzero submodule𝑈of 𝑉 , there exists
elements 𝑟 in 𝑅, 𝑣 in 𝑉 , and 𝑢 in 𝑈, and submodules 𝑉′ of 𝑉 and 𝑈′ of𝑈 such that 𝑢 = 𝑟𝑣,𝑈′ = 𝑉′ ∩ 𝑈, 𝑉 = ⟨𝑣⟩ ⊕ 𝑉′, and𝑈 = ⟨𝑢⟩ ⊕𝑈′.
Proof. For any 𝑅‑linear map 𝜑∶ 𝑉 → 𝑅, the submodule 𝜑(𝑈) is an
ideal in𝑅. The family of these ideals is nonempty. As principal ideal
domains are noetherian, this family has a maximal element 𝜓(𝑈)
for some 𝑅‑linear map 𝜓∶ 𝑈→𝑅. By hypothesis, we have𝑈 ≠ 0, so𝜓(𝑈) ≠ 0. Since𝑅 is a principal ideal domain, there exists a nonzero
element 𝑟 in 𝑅 such that 𝜓(𝑈) = ⟨𝑟⟩. As 𝑟 in 𝜓(𝑈), there also exists
an element 𝑢 in𝑈 such that 𝜓(𝑢) = 𝑟.
We claim that, for any 𝑅‑linear map 𝜑∶ 𝑉 → 𝑅, the element 𝑟

divides𝜑(𝑢). Suppose that 𝑑 generates the ideal ⟨𝑟, 𝜑(𝑢)⟩. Ⅼet 𝑎 and𝑏 be elements in𝑅 satisfying 𝑑 = 𝑎𝑟+𝑏𝜑(𝑢). Ⅽonsider the𝑅‑linear
map defined by 𝜃 ∶= 𝑎𝜓 + 𝑏𝜑. As 𝑟 in ⟨𝑑⟩, we have 𝜓(𝑈) ⊆ ⟨𝑑⟩. We
also have 𝑑 = 𝑎𝑟 + 𝑏𝜑(𝑢) = (𝑎𝜓 + 𝑏𝜑)(𝑢) = 𝜃(𝑢) ∈ 𝜃(𝑈), whence⟨𝑑⟩ ⊆ 𝜃(𝑈), so 𝜓(𝑈) ⊆ 𝜃(𝑈). The maximality of 𝜓(𝑈) implies that𝜓(𝑈) = 𝜃(𝑈) and ⟨𝑟⟩ = ⟨𝑑⟩, so the element 𝑟 divides 𝜑(𝑢).
By hypothesis, there exists a positive integer 𝑛 and an 𝑅‑module

isomorphism 𝑉 ≅ ⨁𝑛𝑖=1 𝑅 = 𝑅𝑛. Ɪdentify the element 𝑢 in 𝑈 ⊆ 𝑉
with the 𝑛‑tuple (𝑠1, 𝑠2,… , 𝑠𝑛) in 𝑅𝑛; each component 𝑠𝑗 ∶= 𝜛𝑗(𝑢) is
the image of 𝑢 under the canonical map𝜛𝑗∶ 𝑉 → 𝑅. The previous
paragraph shows that 𝑟 divides 𝑠𝑖 for all 1 ⩽ 𝑖 ⩽ 𝑛. Hence, there
exists elements 𝑐1, 𝑐2,… , 𝑐𝑛 in 𝑅 such that 𝑠𝑖 = 𝑟 𝑐𝑖 for all 1 ⩽ 𝑖 ⩽ 𝑛.
Ⅼet𝑣 in𝑉 be the element identifiedwith the𝑛‑tuple (𝑐1, 𝑐2,… , 𝑐𝑛) in𝑅𝑛. By construction, we have 𝑢 = 𝑟𝑣, so 𝑟 = 𝜓(𝑢) = 𝜓(𝑟 𝑣) = 𝑟𝜓(𝑣).
As 𝑟 ≠ 0 and 𝑅 is a domain, we deduce that 𝜓(𝑣) = 1𝑅.
Ⅼet 𝑉′ ∶= Ker(𝜓) and set𝑈′∶= 𝑉′ ∩𝑈. Every element𝑤 in 𝑉 may

be written as 𝑤 = 𝜓(𝑤)𝑣 + (𝑤 − 𝜓(𝑤)𝑣). By linearity, we obtain
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𝜓(𝑤 − 𝜓(𝑤)𝑣) = 𝜓(𝑤) − 𝜓(𝑤)𝜓(𝑣) = 0, so 𝑤 − 𝜓(𝑤)𝑣 ∈ Ker(𝜓)
and 𝑉 = ⟨𝑣⟩ + 𝑉′. The relation 𝑠 𝑣 ∈ 𝑉′ for some 𝑠 in 𝑅 implies that0 = 𝜓(𝑠𝑣) = 𝑠𝜓(𝑣), which shows that 𝑠 = 0 and ⟨𝑣⟩ ∩ 𝑉′ = 0. We
deduce that 𝑉 = ⟨𝑣⟩ ⊕ 𝑉′.
When 𝑤 in 𝑈, we see that the element 𝑟 divides 𝜓(𝑤) because𝜓(𝑤) ∈ 𝜓(𝑈) = ⟨𝑟⟩. Writing 𝜓(𝑤) = 𝑡 𝑟 for some 𝑡 in 𝑅, we have𝜓(𝑤)𝑣 = 𝑡 𝑟 𝑣 = 𝑡 𝑢. Since𝑤−𝜓(𝑤)𝑣 = 𝑤− 𝑡𝑢 ∈ 𝑈 ∩𝑉′ = 𝑈′, the

argument in the previous paragraph shows that𝑈 = ⟨𝑢⟩ ⊕𝑈′.
Proof of Theorem 10.0.1. Ⅼet 𝑉 be a finitely generated free 𝑅‑module𝑉 and let 𝑈 be a nonzero submodule of 𝑉 . Ⅼemma 10.0.2 gives an
element 𝑢1 in𝑈 and a submodule𝑈1 of𝑈 such that𝑈 = ⟨𝑢1⟩ ⊕𝑈1.
Ɪf 𝑈1 = 0, then we are done. Otherwise Ⅼemma 10.0.2 produces 𝑢2
in 𝑈1 and a submodule 𝑈2 of 𝑈1 such that 𝑈 = ⟨𝑢1⟩ ⊕ ⟨𝑢2⟩ ⊕ 𝑈2.
Ⅽontinuing this process gives 𝑢1, 𝑢2,… ,𝑢𝑗 in 𝑈 and a submodule𝑈𝑗 such that 𝑈 = ⟨𝑢1⟩ ⊕ ⟨𝑢2⟩ ⊕⋯⊕ ⟨𝑢𝑗⟩ ⊕ 𝑈𝑗 . However, we must
have 𝑗 ⩽ rank𝑅 𝑉 because the elements 𝑢1, 𝑢2,… ,𝑢𝑚 are linearly in‑
dependent in 𝑉 . Thus, the process must terminate, so we conclude
that𝑈 = ⟨𝑢1⟩ ⊕ ⟨𝑢2⟩ ⊕⋯⊕ ⟨𝑢𝑚⟩ for some 𝑢1, 𝑢2,… ,𝑢𝑚 in𝑈.
10.0.3 Remark. The hypothesis that the ring 𝑅 is a principal ideal
domain is necessary. A ring 𝑅 fails to be a principal ideal domain if
it has a zerodivisor or a nonprincipal ideal. When𝑅 is not a domain,
there exists nonzero elements 𝑎 and 𝑏 in 𝑅 such that 𝑎𝑏 = 0. Ɪn
this case, the principal ideal ⟨𝑎⟩ is not a free 𝑅‑module. When the
domain 𝑅 has a nonprincipal ideal 𝐼, no pair of nonzero elements 𝑓
and 𝑔 in 𝐼 are linear independent because (𝑓) 𝑔 + (−𝑔)𝑓 = 0.
10.0.4 Ⅽorollary. A domain 𝑅 is a principal ideal domain if and only if,
for any finitely generated 𝑅‑module 𝑉 and any surjective 𝑅‑linear map𝜑0∶ 𝑅𝑚0 → 𝑉 , there exists a nonnegative integer 𝑚1 and an 𝑅‑linear
map 𝜑1∶ 𝑅𝑚1 →𝑅𝑚0 such that the sequence0 𝑅𝑚1 𝑅𝑚0 𝑉 0𝜑1 𝜑0
is exact.

Proof. Suppose that 𝑅 is a principal ideal domain. Ⅽorollary 9.2.9
establishes that there is a nonnegative integer 𝑚0 and a surjective𝑅‑linear map 𝜑0∶ 𝑅𝑚0 → 𝑉 . By Theorem 10.0.1, the submodule
Ker(𝜑0) is free, so the choice of an isomorphism𝜑1∶ 𝑅𝑚1 →Ker(𝜑0)
gives the desired exact sequence.
Ⅽonversely, let 𝐼 be an ideal in𝑅 and consider the exact sequence

0 𝐼 𝑅 𝑅𝐼 0 .
The existence of the short exact sequence implies that the ideal 𝐼 is
a free submodule of 𝑅1 of rank at most 1. Thus, any nonzero ideal
is principal.

Ⅽopyright © 2025 by Gregory G. Smith
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10.1 Ⅿatrices
By choosing bases for the source and the target for an 𝑅‑linear map
between free modules, we obtain a concrete representation.

10.1.1 Ⅾefinition. Ⅼet 𝑅 be a commutative ring. An (𝑚 × 𝑛)‑matrix
over 𝑅 is a rectangular array

A∶= ⎡⎢⎢⎢⎣
𝑎1,1 𝑎1,2 ⋯ 𝑎1,𝑛𝑎2,1 𝑎2,2 ⋯ 𝑎2,𝑛⋮ ⋮ ⋱ ⋮𝑎𝑚,1 𝑎𝑚,2 ⋯ 𝑎𝑚,𝑛

⎤⎥⎥⎥⎦ = [𝑎𝑖,𝑗]
where each 𝑎𝑖,𝑗 lies in𝑅. The setⅯat(𝑚,𝑛,𝑅) of all (𝑚×𝑛)‑matrices
over 𝑅 has a 𝑅‑module structure defined entrywise: for any 𝑟 and 𝑠
in 𝑅, and any A and B in Ⅿat(𝑚,𝑛,𝑅), we have𝑟A+ 𝑠B = 𝑟 [𝑎𝑖,𝑗] + 𝑠 [𝑏𝑖,𝑗] = [𝑟 𝑎𝑖,𝑗 + 𝑠 𝑏𝑖,𝑗] .
10.1.2 Ⅾefinition. Ⅼet 𝑉 be a finitely generated free 𝑅‑module with
basis (𝑣1, 𝑣2,… , 𝑣𝑛). For any 𝑣 in 𝑉 , there exists unique elements𝑏1, 𝑏2,… , 𝑏𝑛 in 𝑅 such that as 𝑣 = 𝑏1 𝑣1 +⋯+ 𝑏𝑛 𝑣𝑛. The matrix of𝑣 with respect to this basis is defined to be

Ⅿ(𝑣)∶= ⎡⎢⎢⎢⎣
𝑏1𝑏2⋮𝑏𝑛
⎤⎥⎥⎥⎦ ∈ Ⅿat(𝑛, 1, 𝑅) .

Ⅼet𝑊 be a free 𝑅‑module with basis (𝑤1,𝑤2,… ,𝑤𝑚) and consider
an 𝑅‑module homomorphism 𝜑∶ 𝑉 →𝑊 . For any 1 ⩽ 𝑘 ⩽ 𝑛, there
exists unique elements 𝑎1,𝑘, 𝑎2,𝑘,… ,𝑎𝑚,𝑘 in 𝑅 such that𝜑(𝑣𝑘) = 𝑎1,𝑘 𝑤1 + 𝑎2,𝑘 𝑤2 +⋯+ 𝑎𝑚,𝑘 𝑤𝑚 .
Thematrix of 𝜑 with respect to these bases is

Ⅿ(𝜑)∶= ⎡⎢⎢⎢⎣
𝑎1,1 𝑎1,2 ⋯ 𝑎1,𝑛𝑎2,1 𝑎2,2 ⋯ 𝑎2,𝑛⋮ ⋮ ⋱ ⋮𝑎𝑚,1 𝑎𝑚,2 ⋯ 𝑎𝑚,𝑛

⎤⎥⎥⎥⎦ = [𝑎𝑖,𝑗]
This definition implies that, for any 𝑟 and 𝑠 in 𝑅, and any 𝜑 and 𝜓
in Hom𝑅(𝑉,𝑊), we have Ⅿ(𝑟 𝜑 + 𝑠𝜓) = 𝑟 Ⅿ(𝜑) + 𝑠 Ⅿ(𝜓). Once
the bases of the source and target free modules are fixed, the map
Ⅿ∶ Hom𝑅(𝑉,𝑊)→Ⅿat(𝑚,𝑛,𝑅) is an 𝑅‑module isomorphism.
10.1.3 Ⅾefinition. Ⅽonsider positive integers ℓ, 𝑚, and 𝑛. For any
matrix A in Ⅿat(ℓ,𝑚,𝑅) and any B in Ⅿat(𝑚,𝑛,𝑅), the product AB
inⅯat(ℓ, 𝑛,𝑅) is defined byAB∶= [∑𝑘 𝑎𝑖,𝑘 𝑏𝑘,𝑗]. Thismultiplication
map Ⅿat(ℓ,𝑚,𝑅) ×Ⅿat(𝑚,𝑛,𝑅)→Ⅿat(ℓ, 𝑛,𝑅) inherits properties
from the ring 𝑅: for any 𝑟 in 𝑅, and any compatible matrices A, B,
and Ⅽ, we have(AB)Ⅽ = A (BⅭ) 𝑟 (AB) = (𝑟A)B = A (𝑟B)

A (B+ Ⅽ) = AB+ AⅭ (A+ B)Ⅽ = AⅭ+ BⅭ .
Ⅽopyright © 2025 by Gregory G. Smith
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10.1.4 Example. Ⅿatrix multiplication is typically noncommutative.
For instance, observe that

[0 10 0] [0 01 0] = [1 00 0] ≠ [0 00 1] = [0 01 0] [0 10 0] . ⟡
10.1.5 Ⅼemma. Ⅼet 𝑉 and𝑊 be finitely generated free 𝑅‑modules with
chosen bases. For any 𝑣 in 𝑉 and any 𝜑 inHom𝑅(𝑉,𝑊), we have

Ⅿ(𝜑(𝑣)) =Ⅿ(𝜑) Ⅿ(𝑣) .
Proof. Ⅼet (𝑣1, 𝑣2,… , 𝑣𝑛) be the basis for 𝑉 and let (𝑤1,𝑤2,… ,𝑤𝑚)
be the basis for 𝑊 . When Ⅿ(𝜑) = [𝑎𝑖,𝑗] in Ⅿat(𝑚,𝑛,𝑅) for some
elements 𝑎1,1,… ,𝑎𝑚,𝑛 in 𝑅 and 𝑣 = 𝑏1 𝑣1 + 𝑏2 𝑣2 + ⋯ + 𝑏𝑛 𝑣𝑛 for
some elements 𝑏1, 𝑏2,… , 𝑏𝑛 in 𝑅, we have𝜑(𝑣) = 𝑛∑𝑗=1 𝑏𝑗 𝜑(𝑣𝑗) = 𝑛∑𝑗=1 𝑏𝑗 ( 𝑚∑𝑖=1 𝑎𝑖,𝑗 𝑤𝑖) = 𝑚∑𝑖=1 ( 𝑛∑𝑗=1 𝑎𝑖,𝑗 𝑏𝑗)𝑤𝑖 ,
soⅯ(𝜑(𝑣)) = [∑𝑗 𝑎𝑖,𝑗 𝑏𝑗] as required.
10.1.6 Theorem. Ⅼet𝑈, 𝑉, and𝑊 be finitely generated free 𝑅‑modules
with chosen bases. For any𝑅‑linear maps𝜓∶ 𝑈→𝑉 and𝜑∶ 𝑉 →𝑊 , we
haveⅯ(𝜑 ∘ 𝜓) =Ⅿ(𝜑) Ⅿ(𝜓). Theorem 10.1.6 justifies the definition

of matrix multiplication.

Proof. For any element 𝑢 in𝑈, Ⅼemma 10.1.5 gives
Ⅿ(𝜑 ∘ 𝜓) Ⅿ(𝑢) =Ⅿ((𝜑 ∘ 𝜓)(𝑢))=Ⅿ(𝜑(𝜓(𝑢)))=Ⅿ(𝜑) Ⅿ(𝜓(𝑢)) =Ⅿ(𝜑) Ⅿ(𝜓) Ⅿ(𝑢) .

SinceⅯ(𝑢) is arbitrary, the claim follows.
10.1.7 Ⅾefinition. Amatrix whose rows and columns have the same
index set is square. Addition and multiplication of square matrices
over a commutative ring𝑅 induce a noncommutative ring structure
on Ⅿat(𝑛, 𝑛,𝑅). The multiplicative unit is identity matrix Ɪ∶= [𝛿𝑖,𝑗].
The group of invertible elements is GⅬ(𝑛,𝑅).
10.1.8 Proposition. Ⅼet 𝑅 be a commutative ring and let 𝑉 be a finitely
generated free𝑅‑modulewith a chosen basis. Themap𝜑 ↦Ⅿ(𝜑) defines
both a ring isomorphismbetweenEnd𝑅(𝑉) andⅯat(𝑛, 𝑛,𝑅) and a group
isomorphism between Aut𝑅(𝑉) and GⅬ(𝑛,𝑅).
Proof. Follows immediately from the definitions.

Ⅽopyright © 2025 by Gregory G. Smith
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10.2 Ⅾiagonalizing Ⅿatrices
Since a finitely generated module over a principal ideal domain has
a presentation, it is determined by a matrix. We may classify these
modules by choosing appropriate bases of the source and target.

10.2.1 Ⅾefinition. An (𝑚 × 𝑛)‑matrix A = [𝑎𝑖,𝑗] over a commutative
ring 𝑅 is diagonal if 𝑎𝑖,𝑗 = 0 whenever 𝑖 ≠ 𝑗.
10.2.2 Ⅾefinition. Two (𝑚×𝑛)‑matricesA and B over the ring 𝑅 are
equivalent if there is an invertible (𝑚 ×𝑚)‑matrix Ⅽ over 𝑅 and an
invertible (𝑛 × 𝑛)‑matrix Ⅾ over 𝑅 such that A = ⅭBⅮ.

Equivalent matrices represent the
same 𝑅‑module homomorphism
under different choices bases for the
source and target.

10.2.3 Ⅼemma. Every matrix over a principal ideal domain is equivalent
to a diagonal matrix.

Proof. Ⅼet 𝑅 be a principal ideal domain. For any elements 𝑎 and 𝑏
in𝑅, Theorem 7.0.5 demonstrates that there exists 𝑥 and 𝑦 in𝑅 such
that 𝑑∶= gcd(𝑎, 𝑏) = 𝑎𝑥 + 𝑏𝑦. Hence, for any 𝑝 and 𝑞 in 𝑅, we have

[𝑎 𝑏𝑝 𝑞] [𝑥 −𝑏/𝑑𝑦 𝑎/𝑑] = [ 𝑑 0𝑝𝑥 + 𝑞𝑦 (𝑎𝑞 − 𝑏𝑝)/𝑑]
[ 𝑥 𝑦−𝑏/𝑑 𝑎/𝑑] [𝑎 𝑝𝑏 𝑞] = [𝑑 𝑝𝑥 + 𝑞𝑦0 (𝑎𝑞 − 𝑏𝑝)/𝑑]

and
det [𝑥 −𝑏/𝑑𝑦 𝑎/𝑑] = det [ 𝑥 𝑦−𝑏/𝑑 𝑎/𝑑] = 𝑎𝑥 + 𝑏𝑦𝑑 = 1 .

Thus, if 𝑎 and 𝑏 are entries in the same row (respectively column) of
a matrix B, we can multiply B on the right (respectively left) by an
invertible matrix leaving 𝑑 in the position occupied by 𝑎, leaving 0
in the position occupied by 𝑏, and fixing the entries not in the rows
or columns of 𝑎 and 𝑏.
Given a matrix A over the ring 𝑅, we claim that we can multiply

on the left and right by invertible matrices to obtain a diagonal ma‑
trix. The case A = 0 is trivial, so assume that A ≠ 0. Row and
column interchanges (left and right multiplications by suitable per‑
mutation matrices) bring a nonzero elmement 𝑎1 to the upper left
corner. By a sequence of right multiplications by invertible matri‑
ces, replace 𝑎1 by 𝑎2, the greatest common divisor of all elements in
the first row, leaving zeros in the rest of the first row. Similarly, by
left multiplications, replace 𝑎2 by 𝑎3, the greatest common divisor
of all elements now in the first column, leaving zeros in the rest of
the first column. Ⅽontinue by replacing 𝑎3 by 𝑎4, the greatest com‑
mon divisor of all elements now in the first row, and so on. Ɪn this
manner, we create a sequence ⟨𝑎1⟩ ⊇ ⟨𝑎2⟩ ⊇ ⟨𝑎3⟩ ⊇ ⋯ of ideals. As 𝑅
is a unique factorization domain, there exists an index𝑚 such that𝑎𝑚+1 = 𝑎𝑚. Ɪt follows that 𝑎𝑚 is the greatest common divisor of the
elements in the first row (or column) and the remaining elements

Ⅽopyright © 2025 by Gregory G. Smith
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in the first column (or row) are zero. Hence, by elementary row or
column operations, we can clear both the first row and first column,
making all elements zero except for the corner. By induction on the
size of the matrix, we can diagonalize A.

10.2.4 Ⅾefinition. An (𝑚×𝑛)‑matrix A = [𝑎𝑖,𝑗] over a commutative
ring 𝑅 is in Smith normal form if it is diagonal and 𝑎𝑖,𝑖 divides 𝑎𝑖+1,𝑖+1
for all 1 ⩽ 𝑖 < 𝑟 ⩽min(𝑚,𝑛) and 𝑎𝑗,𝑗 = 0 for all 𝑟 ⩽ 𝑗 ⩽min(𝑚,𝑛). Working over the integers, this form

was introduced by Henry Smith (1861).

10.2.5 Theorem. Every matrix over a principal ideal domain is equiva‑
lent to a matrix in Smith normal form.

Proof. By Ⅼemma 10.2.3, it is enough to consider a diagonal matrix.
For any 𝑎 and 𝑏 in𝑅, Theorem 7.0.5 shows that there exists elements𝑥 and 𝑦 in 𝑅 such that 𝑑∶= gcd(𝑎, 𝑏) = 𝑎𝑥 + 𝑏𝑦. Ɪt follows that

[ 𝑥 𝑦−𝑏/𝑑 𝑎/𝑑] [𝑎 00 𝑏] [1 −𝑏𝑦/𝑑1 𝑎𝑥/𝑑] = [ 𝑎𝑥 𝑏𝑦−𝑎𝑏/𝑑 𝑎𝑏/𝑑] [1 −𝑏𝑦/𝑑1 𝑎𝑥/𝑑]= [𝑑 00 𝑎𝑏/𝑑] .
Repeated application of this observation allow one to convert the
diagonal matrix into a diagonal matrix with the property that the
corner element divides all the remaining elements. By induction on
the size of thematrix, we obtain amatrix in Smith normal form.

10.2.6 Ⅼemma. Ⅼet A and B be equivalent (𝑚×𝑛)‑matrix over a princi‑
pal ideal domain. For all 1 ⩽ 𝑖 ⩽ min(𝑚,𝑛), the ideals generated by the
determinants of all (𝑖 × 𝑖)‑submatrices are equal.
Proof. For any (𝑚×𝑛)‑matrixA and any 1 ⩽ 𝑖 ⩽min(𝑚,𝑛), letΔ𝑖(A)
be the ideal generated by the determinants of all (𝑖×𝑖)‑submatrices
of A. Ɪt suffices to show that, for any invertible (𝑚 × 𝑚)‑matrix
Ⅽ, we have Δ𝑖(ⅭA) = Δ𝑖(A). The definition of matrix multiplica‑
tion implies that the rows in the product ⅭA are linear combina‑
tions of the rows in A. Ɪt follows that the determinants of (𝑖 × 𝑖)‑
submatrices of ⅭA are linear combinations of the determinants of(𝑖 × 𝑖)‑submatrices of A, so Δ𝑖(ⅭA) ⊆ Δ𝑖(A). Since Ⅽ is invertible,
we also have Δ𝑖(A) = Δ𝑖(Ⅽ−1 ⅭA) ⊆ Δ𝑖(ⅭA), so Δ𝑖(ⅭA) = Δ𝑖(A).
10.2.7 Proposition. Two (𝑚 × 𝑛)‑matrices A and B in Smith normal
form over a principal ideal domain are equivalent if and only if there exists
a unit 𝑢 such that 𝑎𝑖,𝑖 = 𝑐 𝑏𝑖,𝑖 for each 1 ⩽ 𝑖 ⩽min(𝑚,𝑛). Each matrix over a principal ideal

domain is equivalent to an essentially
unique matrix in Smith normal form.

Proof. One verifies that Δ1(A) = ⟨𝑎1,1⟩ and Δ𝑖(A) ⟨𝑎𝑖+1,𝑖+1⟩ = Δ𝑖+1(A)
for all 1 ⩽ 𝑖 ⩽min(𝑚,𝑛). Hence, the diagonal elements are, up to a
unit, determined by the idealsΔ𝑖(A). Ⅼemma 10.2.6 implies that two
matrices in Smith normal form are equivalent if and only if these
ideals are equal.
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10.3 Ⅿodules over a Principal Ɪdeal Ⅾomain

Smith normal form leads to a structure theorem for finitely gener‑
ated modules over a principal ideal domain.

10.3.1 Theorem. For any finitely generated module 𝑉 over a principal
ideal domain 𝑅, there exists a unique sequence 𝐼1 ⊇ 𝐼2 ⊇ ⋯ ⊇ 𝐼𝑛 of
proper ideals in 𝑅 such that 𝑉 ≅ 𝑅/𝐼1 ⊕ 𝑅/𝐼2 ⊕⋯⊕𝑅/𝐼𝑛.
Proof of existence. By Ⅽorollary 10.0.4, there is an exact sequence

0 𝑅𝑚1 𝑅𝑚0 𝑉 0𝜑
where 𝑚1 ⩽ 𝑚0. Theorem 10.2.5 shows that, by choosing suitable
bases for the free modules 𝑅𝑚1 and 𝑅𝑚0 , we may assume that the
matrixⅯ(𝜑) = [𝑎𝑖,𝑗] is in Smith normal form. Ɪt follows that

𝑉 ≅ 𝑅⟨𝑎1,1⟩ ⊕ 𝑅⟨𝑎2,2⟩ ⊕⋯⊕ 𝑅⟨𝑎𝑚0,𝑚0⟩
where 𝑎𝑖,𝑖 divides 𝑎𝑖+1,𝑖+1 for all 1 ⩽ 𝑖 ⩽ 𝑚1. Ɪf 𝑎𝑖,𝑖 is a unit, then𝑅/⟨𝑎𝑖,𝑖⟩ = 0 is a trivial summand. Ⅼet ℓ be the largest integer such
that 𝑎ℓ,ℓ is a unit. Setting 𝑛 ∶= 𝑚0 − ℓ and 𝐼𝑗 ∶= ⟨𝑎ℓ+𝑗,ℓ+𝑗⟩ for all1 ⩽ 𝑗 ⩽ 𝑛, we obtained the desired sequence of ideals in 𝑅.
Outline for proof of uniqueness. Suppose that there exists a sequence𝐽1 ⊇ 𝐽2 ⊇ ⋯ ⊇ 𝐽𝑚 of ideals such that 𝑉 ≅ 𝑅/𝐽1 ⊕ 𝑅/𝐽2 ⊕⋯⊕𝑅/𝐽𝑚.
We first claim that𝑚 > 𝑛 implies that 𝐽1 = 𝑅. Setting 𝑆∶= 𝑅/𝐽1, we
obtain the 𝑆‑module isomorphisms𝑚⨁𝑗=1 𝑅𝐽𝑗 + 𝐽1 ≅ 𝑉𝐽1 𝑉 ≅ 𝑛⨁𝑖=1 𝑅𝐼𝑖 + 𝐽1 = 𝑆𝑛 .
Hence, we can map 𝑆𝑚 onto 𝑆𝑛, which confirms that 𝑆 = 0.
Wemaynowassume that𝑚 = 𝑛. By symmetry, it suffices to show

that 𝐼𝑘 ⊆ 𝐽𝑘 for all 1 ⩽ 𝑘 ⩽ 𝑛. For any element 𝑟 in 𝐼𝑘, we have𝑛⨁𝑗=1 𝑅(𝐽𝑗 ∶ 𝑟) ≅ 𝑟𝑉 ≅ 𝑛⨁𝑖=𝑘+1 𝑅(𝐼𝑖 ∶ 𝑟)
where (𝐾∶𝑟) = {𝑎 ∈ 𝑅 || 𝑟 𝑎 ∈ 𝐾}. Applying the first paragraph to the𝑅‑module 𝑟𝑉 , we deduce that (𝐽1 ∶ 𝑟) = (𝐽2 ∶ 𝑟) = ⋯ = (𝐽𝑘 ∶ 𝑟) = 𝑅,
so 𝑥 is in 𝐽𝑘.
10.3.2 Ⅾefinition. The torsion submodule of an 𝑅‑module 𝑉 is𝜏(𝑉)∶= {𝑣 ∈ 𝑉 || 𝑟 𝑣 = 0 for some 0 ≠ 𝑟 ∈ 𝑅} .
10.3.3 Ⅽorollary. Assume that 𝑅 is a principal ideal domain. For any
finitely generated 𝑅‑module 𝑉 , there exists a unique nonnegative integer𝑟 such that 𝑉 ≅ 𝜏(𝑉) ⊕ 𝑅𝑟.
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Proof. Theorem 10.3.1 gives a unique sequence 𝐼1 ⊇ 𝐼2 ⊇ ⋯ ⊇ 𝐼𝑛 of
proper ideals in 𝑅 such that 𝑉 ≅ 𝑅/𝐼1 ⊕𝑅/𝐼2 ⊕⋯⊕𝑅/𝐼𝑛. Setting 𝑘
to be the largest integer such that 𝐼𝑘 ≠ ⟨0⟩, it follows that𝜏(𝑉) ≅ 𝑅/𝐼1 ⊕ 𝑅/𝐼2 ⊕⋯⊕𝑅/𝐼𝑘
and 𝑉 ≅ 𝜏(𝑉) ⊕ 𝑅𝑛−𝑘.
Over a Euclidean domain, the Smith normal form of any matrix

may be obtained via elementary row and columns operations.

10.3.4 Example. We illustrate this process for a matrix over 𝔽11[𝑥].
[4𝑥3 + 4𝑥2 − 𝑥 + 4 −𝑥3 − 𝑥2 + 𝑥 + 1 3𝑥3 + 3𝑥2 + 54𝑥3 − 5𝑥 + 1 −𝑥3 + 3𝑥2 + 𝑥 − 3 3𝑥3 − 2𝑥2 − 4𝑥 + 3𝑥3 − 𝑥2 + 𝑥 − 1 −3𝑥3 − 𝑥2 + 3𝑥 + 1 −2𝑥3 + 𝑥2 + 4𝑥 − 3]

≡ [4𝑥3 + 4𝑥2 − 𝑥 + 4 −2𝑥 + 2 3𝑥3 + 3𝑥2 + 54𝑥3 − 5𝑥 + 1 3𝑥2 − 3𝑥 3𝑥3 − 2𝑥2 − 4𝑥 + 3𝑥3 − 𝑥2 + 𝑥 − 1 −4𝑥2 − 5𝑥 − 2 −2𝑥3 + 𝑥2 + 4𝑥 − 3] c2 ↦ c2 + 3 c1
≡ [4𝑥3 + 4𝑥2 − 𝑥 + 4 𝑥 − 1 3𝑥3 + 3𝑥2 + 54𝑥3 − 5𝑥 + 1 4𝑥2 − 4𝑥 3𝑥2 − 2𝑥2 − 4𝑥 + 3𝑥3 − 𝑥2 + 𝑥 − 1 2𝑥2 − 3𝑥 + 1 −2𝑥3 + 𝑥2 + 4𝑥 − 3] c1 ↦ 5 c1
≡ [ 𝑥 − 1 4𝑥3 + 4𝑥2 − 𝑥 + 4 3𝑥3 + 3𝑥2 + 54𝑥2 − 4𝑥 4𝑥3 − 5𝑥 + 1 3𝑥2 − 2𝑥2 − 4𝑥 + 32𝑥2 − 3𝑥 + 1 𝑥3 − 𝑥2 + 𝑥 − 1 −2𝑥3 + 𝑥2 + 4𝑥 − 3] c2 ↔ c1
≡ [ 𝑥 − 1 0 04𝑥2 − 4𝑥 −5𝑥4 − 𝑥3 + 4𝑥2 + 𝑥 + 1 −𝑥4 + 2𝑥3 − 2𝑥2 − 2𝑥 + 32𝑥2 − 3𝑥 + 1 3𝑥4 − 3𝑥3 + 5𝑥2 + 3𝑥 + 3 5𝑥4 − 5𝑥3 + 4𝑥2 + 5𝑥 + 2] c2

c3
↦ c2 + (−4𝑥2 + 3𝑥 + 4) c1↦ c3 + (−3𝑥2 + 5𝑥 + 5) c1

≡ [𝑥 − 1 0 00 −5𝑥4 − 𝑥3 + 4𝑥2 + 𝑥 + 1 −𝑥4 + 2𝑥3 − 2𝑥2 − 2𝑥 + 30 3𝑥4 − 3𝑥3 + 5𝑥2 + 3𝑥 + 3 5𝑥4 − 5𝑥3 + 4𝑥2 + 5𝑥 + 2] r2
r3
↦ r2 + (−4𝑥) r1↦ r3 + (−2𝑥 + 1) r1

≡ [𝑥 − 1 0 00 −5𝑥4 − 𝑥3 + 4𝑥2 + 𝑥 + 1 −5𝑥2 + 50 3𝑥4 − 3𝑥3 + 5𝑥2 + 3𝑥 + 3 3𝑥2 − 3 ] c3 ↦ c3 + 2 c2
≡ [𝑥 − 1 0 00 −5𝑥4 − 𝑥3 + 4𝑥2 + 𝑥 + 1 𝑥2 − 10 3𝑥4 − 3𝑥3 + 5𝑥2 + 3𝑥 + 3 −5𝑥2 + 5] c3 ↦ 2 c3
≡ [𝑥 − 1 0 00 𝑥2 − 1 −5𝑥4 − 𝑥3 + 4𝑥2 + 𝑥 + 10 −5𝑥2 + 5 3𝑥4 − 3𝑥3 + 5𝑥2 + 3𝑥 + 3] c2 ↔ c3
≡ [𝑥 − 1 0 00 𝑥2 − 1 00 0 3𝑥3 + 3𝑥2 − 3𝑥 − 3] c3

r3
↦ c3 + (5𝑥2 + 𝑥 + 1) c2↦ r3 + 5 r2

≡ [𝑥 − 1 0 00 (𝑥 − 1)(𝑥 + 1) 00 0 (𝑥 − 1)(𝑥 + 1)2] c3 ↦ 4 c3⟡
Ⅽopyright © 2025 by Gregory G. Smith
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10.4 Exercises
10.4.1 Problem. Ⅼet 𝔽𝑞 be a finite field with 𝑞 elements.
i. For any nonnegative integer 𝑛, find the number of elements in
the 𝔽𝑞‑vector space 𝔽𝑛𝑞 .

ii. Ⅼet GⅬ(𝑛,𝔽𝑞) denote the group of all invertible (𝑛×𝑛)‑matrices
over the field 𝔽𝑞. Ⅾetermine the order of the group GⅬ(𝑛,𝔽𝑞).

iii. Ⅼet SⅬ(𝑛,𝔽𝑞)be the subgroupofGⅬ(𝑛,𝔽𝑞) consisting ofmatrices
having determinant 1. Find the order of the group SⅬ(𝑛,𝔽𝑞).

10.4.2 Problem. Ⅼet 𝑅∶= ℤ/⟨30⟩. Show that in the matrix
[1 1 −10 2 3] ∈ Ⅿat(2, 3, 𝑅) ,

the rows are linearly independent, but any two columns are linearly
dependent.

10.4.3 Problem. Ⅽonsider the ringℚ[𝑥]. Find a basis for the
submodule ofℚ[𝑥]3 generated by

𝑓1 ∶= [2𝑥 − 1𝑥𝑥2 + 3] , 𝑓2 ∶= [ 𝑥𝑥𝑥2] , and 𝑓3 ∶= [ 𝑥 + 12𝑥2𝑥2 − 3] .
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