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The description of finitely generatedmodules over a principal ideal
domain simultaneously generalizes of the fundamental theorem of
finitely generated abelian groups and provides a unified framework
for understanding various canonical form for square matrices.

11.0 Finitely Generated Abelian Groups
Specializing the structure theorem for finitely generated modules
over a principal ideal domain, we obtain a structure theorem for
finitely generated abelian groups.

11.0.1 Theorem. For any finitely generated abelian group𝐺, there exists
unique nonnegative integers 𝑟 and 𝑒, and unique positive integers 𝑞1, 𝑞2,… , 𝑞𝑒 such that 𝑞1 > 1, 𝑞𝑗 divides 𝑞𝑗+1 for all 1 ⩽ 𝑗 < 𝑒, and𝐺 ≅ ℤ⟨𝑞1⟩ ⊕ ℤ⟨𝑞2⟩ ⊕⋯⊕ ℤ⟨𝑞𝑒⟩ ⊕ ℤ𝑟 .
Proof. Since the ring ℤ of integers is a principal ideal domain, this
theorem follows immediately from Theorem 10.3.1.

11.0.2 Ⅽorollary. Ⅼet𝐺 be a finite abelian group. Assuming that, for any
positive integer 𝑛, the number of elements 𝑔 in 𝐺 such that 𝑛𝑔 = 0 is at
most 𝑛, the group𝐺 is cyclic.
Proof. By Theorem 11.0.1, there exists a nonnegative integers 𝑒 and
positive integers 𝑞1, 𝑞2,… , 𝑞𝑒 such that 𝑞1 > 1, 𝑞𝑗 divides 𝑞𝑗+1 for all1 ⩽ 𝑗 < 𝑒, and 𝐺 ≅ ℤ⟨𝑞1⟩ ⊕ ℤ⟨𝑞2⟩ ⊕⋯⊕ ℤ⟨𝑞𝑒⟩ .
Ɪf 𝑒 > 1, then |𝐺| > 𝑞𝑒 and 𝑞𝑒 𝑔 = 0 for all 𝑔 in 𝐺 contradicting the
assumption. We conclude that 𝑒 = 1 and 𝐺 is cyclic.
11.0.3 Ⅽorollary. Ⅼet𝐾 be a field. Any finite subgroup the multiplicative
group𝐾× is cyclic.
Proof. Ⅼet𝑛 be a positive integer. A polynomial𝐾[𝑥] of degree𝑛has
at most 𝑛 linear factors. Since the polynomial ring𝐾[𝑥] is a unique
factorization domain, it follows any polynomial of degree 𝑛 has at
most 𝑛 roots. Ɪn particular, there are atmost 𝑛 elements 𝑎 in𝐾 such
that 𝑎𝑛 − 1 = 0. Applying Ⅽorollary 11.0.2, we deduce that any finite
subgroup the multiplicative group 𝐾× is cyclic.
There is a second form of Theorem 11.0.1 involving prime powers

which is often more convenient for applications.

11.0.4 Ⅽorollary. For any finitely generated abelian group𝐺, there exists
unique nonnegative integers 𝑟 and 𝑘, prime integers 𝑝1, 𝑝2,… ,𝑝𝑘, and
positive integers𝑚1,𝑚2,… ,𝑚𝑘 such that𝐺 ≅ ℤ⟨𝑝𝑚11 ⟩ ⊕ ℤ⟨𝑝𝑚22 ⟩ ⊕⋯⊕ ℤ⟨𝑝𝑚𝑘𝑘 ⟩ ⊕ ℤ𝑟 .
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Sketch of proof. The factorization 𝑞 = 𝑝𝑚11 𝑝𝑚22 ⋯𝑝𝑚𝑘𝑘 combinedwith
Theorem 5.3.11 imply thatℤ⟨𝑞⟩ ≅ ℤ⟨𝑝𝑚11 ⟩ ⊕ ℤ⟨𝑝𝑚22 ⟩ ⊕⋯⊕ ℤ⟨𝑝𝑚𝑘𝑘 ⟩ .
11.0.5 Example. We claim that, up to isomorphism, there are three
abelian groups of order 8, and we can identify the isomorphism
class of each of the following:(ℤ/ ⟨15⟩)× , (𝔽17)×/ ⟨−1⟩ , 𝔽+8 , (ℤ/ ⟨16⟩)× , 𝜇8 .
Ⅽorollary 11.0.4 implies that the abelian groups of order 8 = 23

are isomorphic toℤ⟨23⟩ , ℤ⟨22⟩ ⊕ ℤ⟨2⟩ , or
ℤ⟨2⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨2⟩ .

Since (ℤ/⟨15⟩)× = {1, 2, 4, 7, 8, 11, 13, 14}, every element has order 1,2, or 4, so (ℤ/⟨15⟩)× ≅ ℤ/⟨22⟩ ⊕ ℤ/⟨2⟩. Similarly, we have(𝔽17)× = {±1,±2,±3,±4,±5,±6,±7,±8}
and (𝔽17)×/⟨−1⟩ = {1, 2, 3, 4, 5, 6, 7, 8} which is generated by 3, so(𝔽17)×/⟨−1⟩ ≅ ℤ/⟨23⟩. The field 𝔽8 has characteristic 2, so every
element added to itself is 0, whence 𝔽+8 ≅ ℤ/⟨2⟩ ⊕ ℤ/⟨2⟩ ⊕ ℤ/⟨2⟩.
Because we have (ℤ/⟨16⟩)× = {1, 3, 5, 7, 9, 11, 13, 15}, every element
has order 1, 2, or 4, so (ℤ/⟨16⟩)× ≅ ℤ/⟨22⟩⊕ℤ/⟨2⟩. Finally, the group𝜇8 is cyclic so 𝜇8 ≅ ℤ/⟨23⟩. ⟡
11.0.6 Example. We can determine the number of abelian groups of
order 720 up to isomorphism.
Since 720 = 24 ⋅ 32 ⋅ 5, the Ⅽorollary 11.0.4 implies that the abelian

groups of order 720 are isomorphic toℤ⟨24⟩ ⊕ ℤ⟨32⟩ ⊕ ℤ⟨5⟩ ℤ⟨24⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨5⟩ℤ⟨23⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨32⟩ ⊕ ℤ⟨5⟩ ℤ⟨23⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨5⟩ℤ⟨22⟩ ⊕ ℤ⟨22⟩ ⊕ ℤ⟨32⟩ ⊕ ℤ⟨5⟩ ℤ⟨22⟩ ⊕ ℤ⟨22⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨5⟩ℤ⟨22⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨32⟩ ⊕ ℤ⟨5⟩ ℤ⟨22⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨5⟩ℤ⟨2⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨32⟩ ⊕ ℤ⟨5⟩ ℤ⟨2⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨2⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨3⟩ ⊕ ℤ⟨5⟩ .
There are 10 isomorphic classes of abelian groups of order 720. ⟡
11.0.7 Remark. For any prime integer 𝑝, Ⅽorollary 11.0.4 implies that
the number of abelian groups of order 𝑝𝑘, up to isomorphism, is the
number of integer partitions of 𝑘.
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11.1 Jordan Ⅽanonical Form

The structure theorem for finitely generated modules over a princi‑
pal ideal domain has a striking application to linear algebra.

11.1.1 Proposition. Ⅼet 𝐾 be a field and let 𝑉 be a finite‑dimensional𝐾‑vector space. Ⅽhoosing a linear operator 𝑇∶ 𝑉 → 𝑉 is equivalent to
endowing 𝑉 with structure of a module over the polynomial ring𝐾[𝑡].
Sketch of proof. To endow𝑉 with the structure of a𝐾[𝑡]‑module, we
must define the product of a polynomial 𝑓∶= 𝑎0 + 𝑎1 𝑡 +⋯+ 𝑎𝑛 𝑡𝑛
in 𝐾[𝑡] and a vector 𝑣 in 𝑉 . Set𝑓𝑣∶= 𝑎0 𝑉 + 𝑎1 𝑇(𝑣) + 𝑎2 𝑇2(𝑣) +⋯+ 𝑎𝑛 𝑇𝑛(𝑣) = [𝑓(𝑇)](𝑣) ,
where 𝑓(𝑇) = 𝑎0 𝐼 + 𝑎1 𝑇 + 𝑎2 𝑇2 + ⋯ + 𝑎𝑛 𝑇𝑛 ∈ End𝐾(𝑉). One
verifies that this makes 𝑉 into a 𝐾[𝑡]‑module.

Ɪn particular, multiplying by 𝑡 is the
same as acting by 𝑇. Ⅿultiplying by a
polynomial of degree 0 is just scalar
multiplication by an element in 𝐾.

Ⅽonversely, multiplication by 𝑡 defines a map 𝑇∶ 𝑉 → 𝑉 . For
any 𝑎 in 𝐾, and any 𝑣 and 𝑤 in 𝑉 , the 𝐾[𝑡]‑module structure gives𝑇(𝑎𝑣 + 𝑤) = 𝑡 (𝑎𝑣 + 𝑤) = 𝑎 𝑡 𝑣 + 𝑡𝑤 = 𝑎𝑇(𝑣) + 𝑇(𝑤), so 𝑇 is a
linear operator on 𝑉 . Ɪdentifying the elements in 𝐾 with constant
polynomials, we see that 𝑉 is a 𝐾‑vector space.
11.1.2 Theorem. Ⅼet 𝑉 be a nonzero finite‑dimensional 𝐾‑vector space.
For any linear operator 𝑇∶ 𝑉 → 𝑉 , there exists a positive integer 𝑒 and
unique monic polynomials 𝑞1, 𝑞2,… , 𝑞𝑒 in 𝐾[𝑡] of positive degree such
that 𝑞𝑗 divides 𝑞𝑗+1 for all 1 ⩽ 𝑗 < 𝑒 and

𝑉 ≅ 𝐾[𝑡]⟨𝑞1⟩ ⊕ 𝐾[𝑡]⟨𝑞2⟩ ⊕⋯⊕ 𝐾[𝑡]⟨𝑞𝑒⟩ .
Proof. Proposition 11.1.1 shows that 𝑉 is a 𝐾[𝑡]‑module. Since 𝐾[𝑡]
is a principal ideal domain, Theorem 10.3.1 expresses 𝑉 as a direct
sum of cyclic 𝐾[𝑡]‑modules. There are no free summands, because𝑉 is finite dimensional.
11.1.3 Ⅾefinition. The polynomial 𝑞𝑒(𝑡) in Theorem 11.1.2 is called
the minimal polynomial of the linear operator 𝑇. Ɪt is the unique
monic polynomial𝑚𝑇 in𝐾[𝑡] of lowest degree such that𝑚𝑇(𝑇) = 0.
The characteristic polynomial of 𝑇 is the product𝜒𝑇(𝑡)∶= ∏𝑒𝑖=1 𝑞𝑖(𝑡).
11.1.4 Remark. Suppose that 𝑞 = 𝑏0 + 𝑏1 𝑡 +⋯+ 𝑏𝑚−1 𝑡𝑚−1 + 𝑡𝑚 in𝐾[𝑡]. Relative to the basis 1, 𝑡, 𝑡2,… , 𝑡𝑚−1 for 𝐾[𝑡]/⟨𝑞⟩, we have

Ⅿ(𝑇)∶= ⎡⎢⎢⎢⎢⎢⎣
0 0⋯ 0 −𝑏01 0⋯ 0 −𝑏10 1 ⋯ 0 −𝑏2⋮ ⋮ ⋱ ⋮ ⋮0 0⋯ 1 −𝑏𝑚−1

⎤⎥⎥⎥⎥⎥⎦
.

This is called the companionmatrix of 𝑞.
Ⅽopyright © 2025 by Gregory G. Smith
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11.1.5 Theorem (Rational canonical form). Ⅼet 𝐾 be a field and let 𝑉 be
a finite‑dimensional 𝐾‑vector space. For any linear operator 𝑇∶ 𝑉 →𝑉 ,
there exists a basis of 𝑉 such that the matrixⅯ(𝑇) is block diagonal and
each block is a companion matrix.

Every square matrix over a field is
similar to a matrix in rational
canonical form.

The Jordan canonical form is named
after Ⅽamille Jordan, who first stated
it in 1870.

11.1.6Ⅽorollary. Ⅼet 𝐾 beanalgebraic closed field and let 𝑉 beanonzero
finite‑dimensional 𝐾‑vector space. For any linear operator 𝑇∶ 𝑉 → 𝑉 ,
there exists a positive integer 𝑘, elements 𝜆1, 𝜆2,… , 𝜆𝑘 in𝐾, and positive
integers 𝑒1, 𝑒2,… , 𝑒𝑘 such that𝑉 ≅ 𝐾[𝑡]⟨(𝑡 − 𝜆1)𝑒1⟩ ⊕ 𝐾[𝑡]⟨(𝑡 − 𝜆2)𝑒2⟩ ⊕⋯⊕ 𝐾[𝑡]⟨(𝑡 − 𝜆𝑘)𝑒𝑘⟩ .
Sketch of proof. Over an algebraically closed field, every polynomial
factors into a product of linear ones. Ⅽombining the factorization of
the polynomials 𝑞𝑗 and Theorem 5.3.11 yield the decomposition.
11.1.7 Remark. Relative to the basis 1, 𝑡−𝜆, (𝑡−𝜆)2,… , (𝑡−𝜆)𝑒−1 for
the 𝐾‑vector space 𝐾[𝑡]/⟨(𝑡 − 𝜆)𝑒⟩, we have

Ⅿ(𝑇)∶=
⎡⎢⎢⎢⎢⎢⎣

𝜆 0 ⋯ 0 01 𝜆 ⋯ 0 00 1 ⋯ 0 0⋮ ⋮ ⋱ ⋮ ⋮0 0 ⋯ 𝜆 00 0 ⋯ 1 𝜆
⎤⎥⎥⎥⎥⎥⎦
.

This is called the Jordanmatrix of (𝑡 − 𝜆)𝑒.

For all nonnegative 𝑗, observe that𝑡 (𝑡 − 𝜆)𝑗 = 1 (𝑡 − 𝜆)𝑗+1 + 𝜆 (𝑡 − 𝜆)𝑗 .

11.1.8 Theorem (Jordan canonical form). Ⅼet 𝐾 be algebraically closed
and let 𝑉 be a finite‑dimensional nonzero𝐾‑vector space. For any linear
operator 𝑇∶ 𝑉 →𝑉 , there exists a basis of 𝑉 such that the matrixⅯ(𝑇)
is block diagonal and each block is a Jordan matrix.

Over an algebraically closed field,
every square matrix is similar to a
matrix in Jordan canonical form.

11.1.9 Example. We construct all linear operators 𝑇∶ 𝐾6 →𝐾6 with
minimal polynomial (𝑡 − 5)2 (𝑡 − 6)2 up to similarity. The minimal

The Jordan canonical form for the
matrix of the desired linear operators
is one of the following:

[ 5 0 0 0 0 01 5 0 0 0 00 0 6 0 0 00 0 1 6 0 00 0 0 0 6 00 0 0 0 1 6
] , [ 5 0 0 0 0 01 5 0 0 0 00 0 6 0 0 00 0 1 6 0 00 0 0 0 6 00 0 0 0 0 6

] ,
[ 5 0 0 0 0 01 5 0 0 0 00 0 5 0 0 00 0 0 6 0 00 0 0 1 6 00 0 0 0 0 6

] , [ 5 0 0 0 0 01 5 0 0 0 00 0 5 0 0 00 0 0 5 0 00 0 0 0 6 00 0 0 0 1 6
] ,

[ 5 0 0 0 0 01 5 0 0 0 00 0 5 0 0 00 0 1 5 0 00 0 0 0 6 00 0 0 0 1 6
] .

polynomial divides the characteristic polynomial and these polyno‑
mials have the same irreducible factors. Therefore, Ⅽorollary 11.1.6
implies that 𝐾6 is isomorphic to one of the following:𝐾[𝑡]⟨(𝑡 − 5)2⟩ ⊕ 𝐾[𝑡]⟨(𝑡 − 6)2⟩ ⊕ 𝐾[𝑡]⟨(𝑡 − 6)2⟩ ,𝐾[𝑡]⟨(𝑡 − 5)2⟩ ⊕ 𝐾[𝑡]⟨(𝑡 − 6)2⟩ ⊕ 𝐾[𝑡]⟨𝑡 − 6⟩ ⊕ 𝐾[𝑡]⟨𝑡 − 6⟩ ,𝐾[𝑡]⟨(𝑡 − 5)2⟩ ⊕ 𝐾[𝑡]⟨𝑡 − 5⟩ ⊕ 𝐾[𝑡]⟨(𝑡 − 6)2⟩ ⊕ 𝐾[𝑡]⟨𝑡 − 6⟩ ,𝐾[𝑡]⟨(𝑡 − 5)2⟩ ⊕ 𝐾[𝑡]⟨𝑡 − 5⟩ ⊕ 𝐾[𝑡]⟨𝑡 − 5⟩ ⊕ 𝐾[𝑡]⟨(𝑡 − 6)2⟩ ,𝐾[𝑡]⟨(𝑡 − 5)2⟩ ⊕ 𝐾[𝑡]⟨(𝑡 − 5)2⟩ ⊕ 𝐾[𝑡]⟨(𝑡 − 6)2⟩ . ⟡
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11.2 Exercises
11.2.1 Problem. Ⅽonsider the integer matrix

B∶= [−1 5 −8 72 8 −2 41 −11 32 −13] .
i. Find a (3×3)‑matrixQ overℤ and a (4×4)‑matrix P overℤ such
that QBP is in Smith normal form.

ii. Ⅼet 𝐺 be an abelian group with four generators 𝑔1, 𝑔2, 𝑔3 and 𝑔4
subject to the relations−𝑔1 + 5𝑔2 − 8𝑔3 + 7𝑔4 = 02𝑔1 + 8𝑔2 − 2𝑔3 + 4𝑔4 = 0𝑔1 − 11𝑔2 + 32𝑔3 − 13𝑔4 = 0 .
Show that 𝐺 ≅ ℤ/⟨6⟩ ⊕ ℤ/⟨54⟩ ⊕ ℤ. Ɪn addition, find new gen‑
erators ℎ1, ℎ2 and ℎ3 such that 6ℎ1 = 0, 54ℎ2 = 0 and ℎ3 has
infinite order.

iii. Find all integer (3 × 1)‑matrices Ⅹ such that BⅩ = Ⅽ where
Ⅽ∶= [ −5100−7] .

11.2.2 Problem. Ⅽonsider the matrix

A∶= ⎡⎢⎢⎢⎣
−2 0 0 11 1 0 12 0 1 −2−1 0 0 0

⎤⎥⎥⎥⎦ .
i. Find the minimal polynomial of A.
ii. Find the rational canonical form of A.
iii. Find the Jordan canonical form of A.

Ⅽopyright © 2025 by Gregory G. Smith
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Ⅽategory theory provides a language for mathematics, designed to
capture general phenomena and enable the transfer of ideas. This
approach supplies simplifying abstraction, isolating those results
that hold for formal reasons from those that requiremethods froma
particular branch of mathematics. Ⅽategory theory also formulates
new proof techniques.

11.3 Ⅿathematical Analogies

Ⅽategory theory emphasizes the maps between objects. From this
perspective, mathematical structures are defined or described by
diagrams of arrows. Each arrow 𝑓∶ 𝑋 → 𝑌 represents a map or
function. A typical diagram

𝑋 𝑌
𝑍

𝑓
𝑔 ℎ

is commutative when 𝑔 = ℎ ∘𝑓. The same diagram applies in many
contexts: sets and functions, topological spaces and continuous
maps, groups and homomorphisms, etc.
Ⅿany structural properties may be viewed as universal features

of diagrams. Ⅽonsider the cartesian product 𝑋 × 𝑌 of two sets 𝑋
and 𝑌 , which consists of all ordered pairs (𝑥, 𝑦) of elements 𝑥 ∈ 𝑋
and 𝑦 ∈ 𝑌 . The projections (𝑥, 𝑦) ↦ 𝑥 and (𝑥, 𝑦) ↦ 𝑦 of the product
on its factors are the maps 𝑝∶ 𝑋 × 𝑌 → 𝑋 and 𝑞∶ 𝑋 × 𝑌 → 𝑌 . Any
map ℎ∶𝑊 →𝑋 ×𝑌 is uniquely determined by 𝑝 ∘ ℎ and 𝑞 ∘ ℎ.𝑊

𝑋 𝑋 ×𝑌 𝑌.
𝑓 ℎ 𝑔
𝑝 𝑞

Ⅽonversely, given two functions 𝑓∶𝑊 →𝑋 and 𝑔∶ 𝑊 →𝑌 , there is
a unique function ℎ∶ 𝑊 → 𝑋 × 𝑌 which makes the diagram com‑
mute: ℎ(𝑤) = (𝑓(𝑤), 𝑔(𝑤)). Thus, given the sets 𝑋 and 𝑌 , the pair(𝑝, 𝑞) is “universal” among the functions from some set to𝑋 and 𝑌 ,
because any other such pair (𝑓, 𝑔) factors uniquely (via ℎ) through
the pair (𝑝, 𝑞). This property uniquely characterizes the cartesian
product𝑋×𝑌 (up to a unique bijection). The same diagram, within
the category of groups or topological spaces, describes the direct
product of groups or the cartesian product of spaces.
The “cartesian product” construction is called a functor because

it applies to sets and themaps between them. Twomaps 𝑘∶ 𝑋 →𝑋′
and ℓ∶ 𝑌 → 𝑌′ have a map 𝑘 × ℓ∶ 𝑋 × 𝑌 → 𝑋′ × 𝑌′, defined by(𝑥, 𝑦) ↦ (𝑘(𝑥), ℓ(𝑦)) as their cartesian product. Observe that the
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one‑point set pt ∶= {0} serves as an identity under the operation
“cartesian product”, in view of the bijections

pt×𝑋 𝑋 𝑋 × pt.𝑖 𝑗
given by 𝑖(0, 𝑥) = 𝑥 and 𝑗(𝑥, 0) = 𝑥.
A monoid𝑀 (semigroup with identity) may be described as a set𝑀 together with twomaps 𝜇∶𝑀×𝑀→𝑀 and 𝜂∶ pt→𝑀 such that

the following two diagrams commute:

𝑀×𝑀 ×𝑀 𝑀 ×𝑀
𝑀 ×𝑀 𝑀

id𝑀 ×𝜇
𝜇×id𝑀 𝜇

𝜇
pt×𝑀 𝑀 ×𝑀 𝑀 × pt
𝑀 𝑀 𝑀

𝜂×id𝑀
𝑖 𝜇

id𝑀 ×𝜂
𝑗

which means 𝜇 ∘ (id𝑀 ×𝜇) = 𝜇 ∘ (𝜇 × id𝑀), 𝜇 ∘ (𝜂 × pt) = 𝑖, and𝜇 ∘ (1 × 𝜂) = 𝑗. Rewriting these diagrams with elements gives(𝑥, 𝑦, 𝑧) (𝑥, 𝑦𝑧)
(𝑥𝑦, 𝑧) (𝑥𝑦)𝑧 = 𝑥(𝑦𝑧)

(0, 𝑥) (𝑒, 𝑥) (𝑥, 𝑒) (𝑥, 0)
𝑥 𝑒𝑥 𝑥𝑒 𝑥

where 𝜂(0) = 𝑒 ∈ 𝑀. These are the familiar axioms: multiplication
is associative and the element 𝑒 is a left and right identity. The same
process applies to other axioms.
Because the diagrams make no mention of elements, they apply

in other circumstances. When applied to topological spaces and
continuousmaps, they define topological groups. For differentiable
manifolds and smooth maps, they define a Ⅼie group.

Ⅽopyright © 2025 by Gregory G. Smith



114 Ⅼectures for Ⅽore Algebra Ɪ

11.4 Ⅽategories
A category is a context for studying a class of mathematical objects.
Ɪmportantly, a category has both ‘nouns’ and ‘verbs’ with specified
collections of objects and maps between them.

11.4.1 Ⅾefinition. A category C consists of a collection𝑋,𝑌,𝑍,… of
objects, and a collection 𝑓, 𝑔, ℎ,… ofmorphisms such that
(tails/heads) Every morphism has specified source and target

objects. Themorphism 𝑓with source𝑋 and target𝑌 is denoted by 𝑓∶ 𝑋 →𝑌 .
(identity) Each object 𝑋 has a designated identity morphism

id𝑋 ∶ 𝑋 →𝑋 .
(composition) For any pair of morphisms 𝑓 and 𝑔 such that the

target of 𝑓 is equal to the source of 𝑔, there exists a
specified composite morphism 𝑔𝑓 whose source is
equal to the source of 𝑓 and whose target is equal
to the target of 𝑔.

This data satisfies the following two conditions:
(identity) For any 𝑓∶ 𝑋 →𝑌 , we have 𝑓 id𝑋 = 𝑓 = id𝑌 𝑓.

(associativity) For any triple 𝑓∶ 𝑋 →𝑌 , 𝑔∶ 𝑌 →𝑍, and ℎ∶ 𝑍→𝑊 ,
we have ℎ (𝑔𝑓) = (ℎ𝑔)𝑓, so the notation ℎ𝑔𝑓 is
unambiguous.

Russell’s paradox implies that there is
no set whose elements are “all sets”.
For this reason, we use the vague word
“collection” in Ⅾefinition 11.4.1. The
set‑theoretical foundations for
category theory are a separate topic.

As in Ⅾefinition 1.3.3, a morphism𝑓∶ 𝑋→𝑌 is an isomorphism if there
exists a morphism 𝑔∶ 𝑌 →𝑋 such that𝑔𝑓 = id𝑋 and 𝑓𝑔 = id𝑌 .

11.4.2 Example. The category Set has sets as its objects and maps,
with specified source and target, as its morphisms. ⟡ Ⅾespite downplaying the significance

of the morphisms, it is traditional to
name a category after its objects.

11.4.3Example. The categoryGrphas groups as its objects andgroup
homomorphisms as its morphisms. ⟡
11.4.4 Example. The category Ab has abelian groups as its objects
and group homomorphisms as its morphisms. ⟡
11.4.5 Example. The category CRng has commutative rings as its
objects and ring homomorphisms as its morphisms. ⟡
11.4.6 Example. For an commutative ring 𝑅, the categoryMod𝑅 has𝑅‑modules as its objects and𝑅‑linearmaps as itsmorphisms. Thus,
the category Ab is the same as the categoryModℤ. ⟡
11.4.7 Example. The category Top has topological spaces as objects
and continuous functions as morphisms. ⟡
11.4.8 Example. The category Top∗ has pointed topological spaces
(having a distinguished point called the basepoint) as objects and
basepoint‑preserving continuous functions as morphisms. ⟡

The first examples are “concrete”
categories—objects have underlying
sets and the morphisms are maps
between the underlying sets. However,
“abstract” categories are also
common.11.4.9 Example. The categoryHtpyhas topological spaces as objects

and homotopy classes of continuous maps as morphisms. ⟡
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11.4.10 Example. The category Graph has graphs (undirected and
simple) as objects and graphmorphisms (a pair of maps on vertices
and edges preserving incidence relations) as morphisms. ⟡
11.4.11 Example. The category Poset has partially‑ordered sets as its
objects and order‑perserving maps as its morphisms. ⟡
11.4.12 Example. For any commutative ring𝑅, the categoryMat𝑅 has
nonnegative integers as its objects. For any nonnegative integers 𝑛
and𝑚, themorphisms from𝑛 to𝑚 are (𝑚×𝑛)‑matriceswith entries
in 𝑅. Ⅽomposition is given by matrix multiplication with identity
matrices serving as the identity morphisms. ⟡
11.4.13 Example. For any group 𝐺, the category B𝐺 has one object.
Each group element gives a distinct endomorphism of the single
object with composition given by multiplication in 𝐺. The identity𝑒 in 𝐺 acts as the identity morphism for the unique object. ⟡
11.4.14 Ⅾefinition. Ⅼet C be a category. The opposite category has
the same objects as C. There is a morphism 𝑓op∶ 𝑋 → 𝑌 in Ⅽop if
there is a morphism 𝑓∶ 𝑌 → 𝑌 in C. A pair of morphisms 𝑓op and𝑔op in Cop is composable when the pair 𝑔,𝑓 is composable in C. We
define 𝑔op 𝑓op to be (𝑓 𝑔)op.

This duality has a very important in
the development of category theory.
Any theorem containing a universal
quantification of the form “for all
categories Ⅽ” applies to the opposites
of these categories. Ɪnterpreting the
result in the dual context leads to a
dual theorem, in which the direction
of each arrow is reversed.

11.4.15 Ⅾefinition. Amorphism 𝑓∶ 𝑋 →𝑌 is amonomorphism if, for
any morphisms ℎ∶ 𝑊 → 𝑋 and 𝑘∶ 𝑊 → 𝑋 , the relation 𝑓ℎ = 𝑓𝑘
implies that ℎ = 𝑘. Ɪn other words, 𝑓 is left‑cancellable.
Ⅾually, a morphism 𝑓∶ 𝑋 →𝑌 is an epimorphism if, for any mor‑

phisms ℎ∶ 𝑌 →𝑍 and 𝑘∶ 𝑌 →𝑍, the relation ℎ𝑓 = 𝑘𝑓 implies thatℎ = 𝑘. Equivalently, 𝑓 is right‑cancellable.
11.4.16 Ⅼemma. Ⅼet 𝑓∶ 𝑋 →𝑌 and 𝑔∶ 𝑌 →𝑍 be morphisms.
(products) When 𝑓 and 𝑔 are monomorphisms, 𝑔𝑓∶ 𝑋 → 𝑍 also is.

When 𝑓 and 𝑔 are epimorphisms, 𝑔𝑓∶ 𝑋 →𝑍 also is.
(factors) When 𝑔𝑓∶ 𝑋 → 𝑍 is a monomorphism, the first factor 𝑓

is a monomorphism. When 𝑔𝑓∶ 𝑋 →𝑍 is a epimorphism,
the second factor 𝑔 is an epimorphism.

Proof. Ⅽonsider morphisms ℎ∶ 𝑊 → 𝑋 and 𝑘∶ 𝑊 → 𝑋 . Assuming
that 𝑔 is monomorphism, the relation 𝑔𝑓ℎ = 𝑔𝑓𝑘 implies that the
composite 𝑓ℎ = 𝑓𝑘. Assuming that 𝑓 is also amonomorphism, we
deduce that ℎ = 𝑘, so the composite 𝑔𝑓 is a monomorphism. The
relation 𝑓ℎ = 𝑓𝑘 implies that 𝑔𝑓ℎ = 𝑔𝑓𝑘. Assuming that 𝑔ℎ is a
monomorphism, we see that ℎ = 𝑘, so 𝑓 is a monomorphism.
The notions of monomorphism and epimorphism are dual, so

the remaining two cases follow from the first two.
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11.5 Exercises
11.5.1 Problem. Ɪn any category C, provide a direct prove for each of
the following:
i. The composition of two epimorphisms is an epimorphism.
ii. Ɪf the composition of two morphisms is an epimorphism, then
the second morphism is an epimorphism.

iii. Every isomorphism is an epimorphism and a monomorphism.

A morphism that is both a
monomorphism and an epimorphism
need not be an isomorphism.

11.5.2 Problem. A poset is a set 𝑃 with a binary relation ⩽𝑃 which
is reflexive, transitive and antisymmetric. Ⅿore precisely, for any
elements 𝑥, 𝑦, and 𝑧 in 𝑃, we have the following:

(reflexivity) The relation 𝑥 ⩽𝑃 𝑥 holds.
(antisymmetry) The relations 𝑥 ⩽𝑃 𝑦 and 𝑦 ⩽𝑃 𝑥 imply that 𝑥 = 𝑦.
(transitivity) The relations 𝑥 ⩽𝑃 𝑦 and 𝑦 ⩽𝑃 𝑧 imply that 𝑥 ⩽𝑃 𝑧.

A function 𝑓∶ 𝑃 → 𝑄 between two posets is order‑preserving if, for
any 𝑥 and 𝑦 in 𝑃 satisfying 𝑥 ⩽𝑃 𝑦, we have 𝑓(𝑥) ⩽𝑄 𝑓(𝑦).
i. Ⅾemonstrate that the collection of posets together with order‑
preserving functions form a category.

ii. Ɪn the category of posets, exhibit a bijective morphism between
nonisomorphic posets.

11.5.3 Problem. Ⅼet 𝐺 be a group. The center of 𝐺, denoted 𝑍(𝐺),
is the set of elements in 𝐺 that commute with every element in𝐺. The commutator of the elements 𝑔 and ℎ in 𝐺 is the element[𝑔, ℎ] ∶= 𝑔−1ℎ−1𝑔ℎ. The commutator subgroup 𝐺′ of 𝐺 is the sub‑
group generated by all the commutators of elements in 𝐺.
i. Show that the assignment𝐺 ↦ 𝑍(𝐺)doesnot give a functor from
Grp to Ab.

ii. Show that 𝐺 ↦ 𝐺/𝐺′ does give a functor from the category of
groups to the category of abelian groups.
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