11 Applications

The description of finitely generated modules over a principal ideal
domain simultaneously generalizes of the fundamental theorem of
finitely generated abelian groups and provides a unified framework
for understanding various canonical form for square matrices.

11.0 Finitely Generated Abelian Groups

Specializing the structure theorem for finitely generated modules
over a principal ideal domain, we obtain a structure theorem for
finitely generated abelian groups.

11.0.1 Theorem. For any finitely generated abelian group G, there exists
unique nonnegative integers r and e, and unique positive integers q;, 45,
.-» Q. suchthatq, > 1, q; divides q;,, for all1 < j <e, and

VA VA VA r
G —~® DD ——~0Z.
(@)~ (q2) (qe)
Proof. Since the ring Z of integers is a principal ideal domain, this
theorem follows immediately from Theorem 10.3.1. O

11.0.2 Corollary. LetG be a finite abelian group. Assuming that, for any
positive integer n, the number of elements g in G such thatng = 0 is at
mostn, the group G is cyclic.

Proof. By Theorem 11.0.1, there exists a nonnegative integers e and
positive integers q;,q», - .- , g, such that q; > 1, q; divides q;,, for all

1< j<e,and 7 Z Z
G2 —& —®---P—.
@~ (q2) (qe)
If e > 1, then |G| > ¢, and q. g = O for all g in G contradicting the
assumption. We conclude that e = 1 and G is cyclic. O

11.0.3 Corollary. LetK be a field. Any finite subgroup the multiplicative
group K* is cyclic.

Proof. Letnbe apositive integer. A polynomial K[x] of degree n has
at most n linear factors. Since the polynomial ring K[x] is a unique
factorization domain, it follows any polynomial of degree n has at
most nroots. In particular, there are at most n elements a in K such
thata” — 1 = 0. Applying Corollary 11.0.2, we deduce that any finite
subgroup the multiplicative group K* is cyclic. O

There is a second form of Theorem 11.0.1 involving prime powers
which is often more convenient for applications.

11.0.4 Corollary. For any finitely generated abelian group G, there exists

unique nonnegative integers v and k, prime integers pi, Py, --- , Dk, and
positive integers m;, m,, ... , m;. such that
VA A Zz r
Gz DD DB ~Z

(1)~ (p2") (i)
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Applications 107

Sketch of proof. The factorization q = py"'p5? --- pi" combined with

Theorem 5.3.11 imply that
VA VA VA VA
Z - P —. O
@ (") (P (P

11.0.5 Example. We claim that, up to isomorphism, there are three
abelian groups of order 8, and we can identify the isomorphism
class of each of the following:

Z/5)*,  (F)*/-1, Fg, (Z/16)*, .

Corollary 11.0.4 implies that the abelian groups of order 8 = 23
are isomorphic to
Z Z z Z z z

> @% " %%y

Since (Z/(15))* = {1,2,4,7,8,11,13,14}, every element has order 1,
2,0r 4,50 (Z/(lS))>< =~ 7/(2%) @ Z/(2). Similarly, we have

(F )% ={#1,+2,+3,+4,+5,+6,+7,+8}

and (F,)*/(-1) = {1,2,3,4,5,6,7,8} which is generated by 3, so
(Fy7)%/(=1) = Z/(2%). The field Fg has characteristic 2, so every
element added to itself is 0, whence Fy = Z/(2) @ Z/(2) @ Z/{2).
Because we have (Z/(16))* = {1,3,5,7,9,11,13,15}, every element
has order 1, 2, or 4, so (Z/(16))* = Z/(2*) @ Z/(2). Finally, the group
s is cyclic so pg = Z/(23). 3

11.0.6 Example. We can determine the number of abelian groups of
order 720 up to isomorphism.

Since 720 = 24.32. 5, the Corollary 11.0.4 implies that the abelian
groups of order 720 are isomorphic to

5_‘»@%@% <§*>@<3>@<3>@<5>

<23> 5 @ ®& <32> %5 590 @ 5 @ %5 @ % o)

<22> e <22> e <32> ® % <§2> ® 2 @) 5 2 5 2 5 2

FeHO B TeH°H° 5%
5°5°5%59°5°%5 5°0°3°5°5°5%

There are 10 isomorphic classes of abelian groups of order 720. <

11.0.7 Remark. For any prime integer p, Corollary 11.0.4 implies that
the number of abelian groups of order p¥, up to isomorphism, is the
number of integer partitions of k.
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108 Lectures for Core Algebra I

11.1 Jordan Canonical Form

The structure theorem for finitely generated modules over a princi-
pal ideal domain has a striking application to linear algebra.

11.1.1 Proposition. Let K be a field and let V' be a finite-dimensional
K -vector space. Choosing a linear operator T: V' — V is equivalent to
endowing V with structure of a module over the polynomial ring K [t].

Sketch of proof. To endow V with the structure of a K[t]-module, we
must define the product of a polynomial f :==a,+a; t+ --- +a, t"

. . In particular, multiplying by t is the
in K[t] and a vector v in V. Set P Ping Oy

same as acting by T. Multiplying by a

. polynomial of degree 0 is just scalar
fr=agV+a,T() +a, T*(V) + -+ + a, T"(v) = [f(D](v), multiplication by an element in K.

where f(T) = agI +a; T +a, T?> + --- + a, T" € Endg(V). One
verifies that this makes V into a K[t]-module.

Conversely, multiplication by ¢t defines a map T: V — V. For
any a in K, and any v and w in V, the K[t]-module structure gives
Tlav+w) =t(av+w) =atv+tw =aT()+ T(w),so Tisa
linear operator on V. Identifying the elements in K with constant
polynomials, we see that I is a K-vector space. O

11.1.2 Theorem. Let V' be a nonzero finite-dimensional K -vector space.
For any linear operator T : V — V, there exists a positive integer e and
unique monic polynomials q,,q,, ... ,q, in K[t] of positive degree such
thatq; divides g4, forall1 < j < e and

. Klt] ., K[t] K[t]
T Aq) T (q2) (Qe)

Proof. Proposition 11.1.1 shows that V is a K[t]-module. Since K|t]
is a principal ideal domain, Theorem 10.3.1 expresses V' as a direct

@

sum of cyclic K[t]-modules. There are no free summands, because
V is finite dimensional. O

11.1.3 Definition. The polynomial g.(t) in Theorem 11.1.2 is called
the minimal polynomial of the linear operator T. It is the unique
monic polynomial my in K[t] of lowest degree such that m;(T) = 0.
The characteristic polynomial of T is the product yr(t) := Hle q;(t).

11.1.4 Remark. Suppose thatq = by + byt + -+ + b, t"™ 1 + t"™ in
K[t]. Relative to the basis 1, t, t2, ..., ™! for K[t]/(g), we have

00---0 —by
10:--0 —b
M(T):=|01.--0 -b,
001 by,
This is called the companion matrix of q.
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11.1.5 Theorem (Rational canonical form). Let K be afield andlet V be
a finite-dimensional K -vector space. For any linear operatorT: V =V,
there exists a basis of V' such that the matrix M(T) is block diagonal and
each block is a companion matrix. O

11.1.6 Corollary. Let K be an algebraic closed field and let V' be a nonzero
finite-dimensional K -vector space. For any linear operator T: V — V,
there exists a positive integer k, elements A, A,, ... , A in K, and positive
., e such that

K[t] K|[t] K[t]
((E=20)) ~ ((t = 24)?) ((t = 2)%)
Sketch of proof. Over an algebraically closed field, every polynomial
factors into a product of linear ones. Combining the factorization of

integers ey, e,, ..

V= D S

the polynomials g; and Theorem 5.3.11 yield the decomposition. [

11.1.7 Remark. Relative to the basis 1,t—A4,(t—1)%,...,(t—21)°"! for
the K-vector space K[t]/((t — 1)°), we have

A0--00
1100
M= |9 199
00--40
00--14

This is called the Jordan matrix of (t — 1)°.

11.1.8 Theorem (Jordan canonical form). Let K be algebraically closed
and let V' be a finite-dimensional nonzero K -vector space. For any linear
operator T : V — V, there exists a basis of V' such that the matrix M(T)
is block diagonal and each block is a Jordan matrix. O

11.1.9 Example. We construct all linear operators T : K¢ - K°® with
minimal polynomial (¢t — 5)? (¢t — 6)? up to similarity. The minimal
polynomial divides the characteristic polynomial and these polyno-
mials have the same irreducible factors. Therefore, Corollary 11.1.6
implies that K° is isomorphic to one of the following:

K[t] K[t] K[t]
- ®a-om -0y’
K[t] @ K[t] @ K[t] K[t]
((t=5)2) ~((t—6)?) ~ (t—6)  (t—6)’
K[t] K[t] K[t] K[t]
-9 -5 - ® -0
K[t] K[t] K[t] K[t]
- ®i-5%0-5®-or
K[t] K[t] K[t]
G- 8- ®la-opy ¢
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Every square matrix over a field is
similar to a matrix in rational
canonical form.

The Jordan canonical form is named
after Camille Jordan, who first stated
it in 1870.

For all nonnegative j, observe that
tE =AY =1 =D+ A -2).

Over an algebraically closed field,
every square matrix is similar to a
matrix in Jordan canonical form.

The Jordan canonical form for the
matrix of the desired linear operators
is one of the following:

5000001 500000
150000 150000
006000 006000
001600 |° 001600 |°
000060 000060

L 000016 000006
5000001 500000
150000 150000
005000 005000
000600 |° 000500 |°
000160 000060

L 000006 000016
5000007

150000

005000

001500

000060

L000016
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110 Lectures for Core Algebra I

11.2 Exercises

11.2.1 Problem. Consider the integer matrix

-1 5-8 7
B=| 2 8-2 4
1-11 32 —13

i. Find a (3 x3)-matrix Q over Z and a (4 X 4)-matrix P over Z such
that Q BP is in Smith normal form.

ii. Let G be an abelian group with four generators g, g,, g3 and g4
subject to the relations

-8 + 58— 883+ 784,=0
28+ 8g,— 283+ 48,=0
gl - 11g2 + 32g3 - 13g4 =0.
Show that G = Z/{(6) ® Z/(54) @ Z. In addition, find new gen-

erators h;, h, and h; such that 6 h; = 0, 54h, = 0 and h; has
infinite order.

iii. Find all integer (3 X 1)-matrices X such that BX = C where

=5
C:=|100].
-7

11.2.2 Problem. Consider the matrix

200 1
| 110 1
A=l 50122
-100 0

i. Find the minimal polynomial of A.
ii. Find the rational canonical form of A.
iii. Find the Jordan canonical form of A.
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Metamathematics

Category theory provides a language for mathematics, designed to
capture general phenomena and enable the transfer of ideas. This
approach supplies simplifying abstraction, isolating those results
that hold for formal reasons from those that require methods from a
particular branch of mathematics. Category theory also formulates
new proof techniques.

11.3 Mathematical Analogies

Category theory emphasizes the maps between objects. From this
perspective, mathematical structures are defined or described by
diagrams of arrows. Each arrow f: X — Y represents a map or
function. A typical diagram

x .y

N

zZ

is commutative when g = ho f. The same diagram applies in many
contexts: sets and functions, topological spaces and continuous
maps, groups and homomorphisms, etc.

Many structural properties may be viewed as universal features
of diagrams. Consider the cartesian product X X Y of two sets X
and Y, which consists of all ordered pairs (x, y) of elements x € X
and y € Y. The projections (x,y) — x and (x, y) — y of the product
on its factors are themaps p: X XY - X andq: X XY —» Y. Any
map h: W — X X Y is uniquely determined by p o h and q o h.

w

N

Conversely, given two functions f: W - X and g: W = Y, there is
a unique function h: W — X X Y which makes the diagram com-
mute: h(w) = (f(w),g(w)). Thus, given the sets X and Y, the pair
(p, q) is “universal” among the functions from some set to X and Y,
because any other such pair (f, g) factors uniquely (via h) through
the pair (p,q). This property uniquely characterizes the cartesian
product X X Y (up to a unique bijection). The same diagram, within
the category of groups or topological spaces, describes the direct
product of groups or the cartesian product of spaces.

The “cartesian product” construction is called a functor because
it applies to sets and the maps between them. Two maps k: X = X’
and ¢: Y - Y haveamap k X €: X XY = X' X Y’, defined by
(x,y) ~ (k(x),¢(y)) as their cartesian product. Observe that the
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one-point set pt := {0} serves as an identity under the operation
“cartesian product”, in view of the bijections

ptxX — s X <L x xpt.

given by i(0, x) = x and j(x,0) = x.

A monoid M (semigroup with identity) may be described as a set
M together with two maps y: M XM — M and 7 : pt = M such that
the following two diagrams commute:

idpr Xu

MXMXM ——s MXM

MXidMl lu

MXMT>M

ptx M My pr s M T M xopt

|k

M M M

which means o (idy; Xu) = po (u X idy), g o (n X pt) = i, and
o (1xn)=j. Rewriting these diagrams with elements gives

(x,y,z) |—> (x,yz)

! !

(xy,2) — (xy)z = x(y2)

(0,x) —— (e,x) (x,e) «— (x,0)
[ [
X ex xe X

where 7(0) = e € M. These are the familiar axioms: multiplication
is associative and the element e is a left and right identity. The same
process applies to other axioms.

Because the diagrams make no mention of elements, they apply
in other circumstances. When applied to topological spaces and
continuous maps, they define topological groups. For differentiable
manifolds and smooth maps, they define a Lie group.

113
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114 Lectures for Core Algebral

11.4 Categories

A category is a context for studying a class of mathematical objects.
Importantly, a category has both ‘nouns’ and ‘verbs’ with specified
collections of objects and maps between them.

11.4.1 Definition. A category C consists of a collection X, Y, Z, ... of
objects, and a collection f, g, h, ... of morphisms such that
(tails/heads) Every morphism has specified source and target
objects. The morphism f with source X and target
Y isdenoted by f: X =Y.
(identity) Each object X has a designated identity morphism
idy: X = X.

(composition) For any pair of morphisms f and g such that the
target of f is equal to the source of g, there exists a
specified composite morphism g f whose source is
equal to the source of f and whose target is equal
to the target of g.

This data satisfies the following two conditions:
(identity) Forany f: X =Y, we have f idx = f =idy f.

(associativity) For any triple f: X - Y,g: Y—>Z,andh: Z-> W,
we have h (g f) = (hg) f, so the notation h g f is
unambiguous.

11.4.2 Example. The category Set has sets as its objects and maps,
with specified source and target, as its morphisms. <>

11.4.3 Example. The category Grp has groups as its objects and group
homomorphisms as its morphisms. <

11.4.4 Example. The category Ab has abelian groups as its objects
and group homomorphisms as its morphisms. <&

11.4.5 Example. The category CRng has commutative rings as its
objects and ring homomorphisms as its morphisms. <

11.4.6 Example. For an commutative ring R, the category Mody has
R-modules as its objects and R-linear maps as its morphisms. Thus,
the category Ab is the same as the category Mod. <>

11.4.7 Example. The category Top has topological spaces as objects
and continuous functions as morphisms. <>

11.4.8 Example. The category Top, has pointed topological spaces
(having a distinguished point called the basepoint) as objects and
basepoint-preserving continuous functions as morphisms. <

11.4.9 Example. The category Htpy has topological spaces as objects
and homotopy classes of continuous maps as morphisms. <>

Russell’s paradox implies that there is
no set whose elements are “all sets”.
For this reason, we use the vague word
“collection” in Definition 11.4.1. The
set-theoretical foundations for
category theory are a separate topic.

As in Definition 1.3.3, a morphism

f: X =Y is an isomorphism if there
exists a morphism g: Y — X such that
gf =idy and f g =idy.

Despite downplaying the significance
of the morphisms, it is traditional to
name a category after its objects.

The first examples are “concrete”
categories—objects have underlying
sets and the morphisms are maps
between the underlying sets. However,
“abstract” categories are also
common.
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11.4.10 Example. The category Graph has graphs (undirected and
simple) as objects and graph morphisms (a pair of maps on vertices
and edges preserving incidence relations) as morphisms. <&

11.4.11 Example. The category Poset has partially-ordered sets as its
objects and order-perserving maps as its morphisms. <>

11.4.12 Example. For any commutative ring R, the category Maty has
nonnegative integers as its objects. For any nonnegative integers n
and m, the morphisms from n to m are (mxn)-matrices with entries
in R. Composition is given by matrix multiplication with identity
matrices serving as the identity morphisms. <>

11.4.13 Example. For any group G, the category BG has one object.
Each group element gives a distinct endomorphism of the single
object with composition given by multiplication in G. The identity
e in G acts as the identity morphism for the unique object. <

11.4.14 Definition. Let C be a category. The opposite category has
the same objects as C. There is a morphism f°P: X — Y in C°P if
there is a morphism f: Y — Y in C. A pair of morphisms f°P and
g° in C°P is composable when the pair g, f is composable in C. We
define g°P f°P to be (f g)°P.

11.4.15 Definition. A morphism f: X = Y is a monomorphism if, for
any morphisms h: W - X and k: W — X, the relation fh = fk
implies that h = k. In other words, f is left-cancellable.

Dually, a morphism f: X — Y is an epimorphism if, for any mor-
phisms h: Y —>Zand k: Y - Z, therelation h f = k f implies that
h = k. Equivalently, f is right-cancellable.

11.4.16 Lemma. Letf: X =Y andg: Y = Z be morphisms.
(products) When f and g are monomorphisms, g f : X = Z also is.
When f and g are epimorphisms, g f : X = Z also is.
(factors) When g f: X — Z is a monomorphism, the first factor f
is a monomorphism. When g f : X — Z is a epimorphism,
the second factor g is an epimorphism.

Proof. Consider morphisms h: W — X and k: W — X. Assuming
that g is monomorphism, the relation g f h = g f k implies that the
composite f h = f k. Assuming that f is also a monomorphism, we
deduce that h = k, so the composite g f is a monomorphism. The
relation f h = f k implies that g f h = g f k. Assuming thatghisa
monomorphism, we see that h = k, so f is a monomorphism.

The notions of monomorphism and epimorphism are dual, so
the remaining two cases follow from the first two. O

115

This duality has a very important in
the development of category theory.
Any theorem containing a universal
quantification of the form “for all
categories C” applies to the opposites
of these categories. Interpreting the
result in the dual context leads to a
dual theorem, in which the direction
of each arrow is reversed.
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11.5 Exercises

11.5.1 Problem. In any category C, provide a direct prove for each of
the following:
i. The composition of two epimorphisms is an epimorphism.
ii. If the composition of two morphisms is an epimorphism, then
the second morphism is an epimorphism.
iii. Every isomorphism is an epimorphism and a monomorphism.

11.5.2 Problem. A poset is a set P with a binary relation <p which
is reflexive, transitive and antisymmetric. More precisely, for any
elements x, y, and z in P, we have the following:
(reflexivity) The relation x <p x holds.
(antisymmetry) The relations x <p y and y <p x imply that x = y.
(transitivity) The relations x <p yand y <p z imply that x <p z
A function f: P = Q between two posets is order-preserving if, for
any x and y in P satisfying x <p y, we have f(x) <o f(»).
i. Demonstrate that the collection of posets together with order-
preserving functions form a category.
ii. In the category of posets, exhibit a bijective morphism between
nonisomorphic posets.

11.5.3 Problem. Let G be a group. The center of G, denoted Z(G),

is the set of elements in G that commute with every element in

G. The commutator of the elements g and h in G is the element

[g,h] :== g'h~'gh. The commutator subgroup G’ of G is the sub-

group generated by all the commutators of elements in G.

i. Show that the assignment G — Z(G) does not give a functor from
Grp to Ab.

ii. Show that G » G/G’ does give a functor from the category of
groups to the category of abelian groups.

A morphism that is both a
monomorphism and an epimorphism
need not be an isomorphism.
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