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Ⅽategory theory builds on itself: morphismsbetween categories are
called functors andmorphisms between functors are called natural
transformations. The striking power of category theory emanates
from this trinity of concepts.

12.0 Functoriality

Within category theory, objects should always be considered with a
suitable notion of structure‑preserving maps. Ⅽategories are them‑
selves mathematical objects, so what are their morphisms?

12.0.1 Ⅾefinition. A functor 𝐹∶ C→ D consists of two assignments:
for each object 𝑋 in C, an object 𝐹(𝑋) in D, and for each morphism𝑓∶ 𝑋 →𝑌 in C, a morphism 𝐹(𝑓)∶ 𝐹(𝑋)→𝐹(𝑌) in D, such that

(identity) for each object 𝑋 in C, we have 𝐹(id𝑋) = id𝐹(𝑋), and
(composition) for any composable pair 𝑓 and 𝑔 of morphisms in C,

we have 𝐹(𝑔)𝐹(𝑓) = 𝐹(𝑔𝑓).
12.0.2 Example. There is a functor𝑃∶ Set→Set that sends a set𝑋 to
its power set 𝑃(𝑋) consisting of all subsets of𝑋. This functor sends
a map 𝑓∶ 𝑋 →𝑌 to the direct‑image map 𝑓∗∶ 𝑃(𝑋)→𝑃(𝑌) defined,
for all 𝑋′ ⊆ 𝑋 , by 𝑓∗(𝑋′)∶= {𝑓(𝑥) || 𝑥 ∈ 𝑋′} ⊆ 𝑌 . ⟡
12.0.3 Example. A forgetful functor is a term used for any functor
that forgets structure. The functor 𝑈∶ Grp → Set sends a group
to its underlying set and a group homomorphism to its underlying
map of sets. The functor 𝑈∶ Top → Set sends a space to its set of
points. There are two natural forgetful functors 𝑉∶ Graph → Set
and 𝐸∶ Graph → Set that send a graph to its vertex and edge sets,
respectively. These mappings are functorial because in each case a
morphism in the source category has an underlyingmap of sets. ⟡
12.0.4 Example. There are functorsMod𝑅 →Ab and CRng→Ab that
forget some, but not all, of the algebraic structure. The canonical
functors Ab → Grp and Field → CRng may be regarded as forgetful.
The latter two, but neither of the former, are injective on objects: a
group is either abelian or not, but an abelian groupmight admit the
structure of a ring in multiple ways. ⟡
12.0.5 Example. The chain rule articulates the functoriality of the
derivative. Ⅼet Euclid∗ be the category whose objects are pointed
finite‑dimensional Euclidean spaces (ℝ𝑛, 𝑎) and whosemorphisms
are functions differentiable at 𝑎. The total derivative of a function𝑓∶ ℝ𝑛 → ℝ𝑚, evaluated at 𝑎 ∈ ℝ𝑛, gives rise to the Jacobian ma‑
trix. This defines a functor 𝐷∶ Euclid∗ → Matℝ. On objects, 𝐷 as‑
signs a pointed Euclidean space to its dimensions. For a function
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𝑔∶ ℝ𝑚→ℝ𝑘 that is differentiable at𝑓(𝑎) and carries the designated
basepoint 𝑓(𝑎) ∈ ℝ𝑚 to (𝑔𝑓)(𝑎) ∈ ℝ𝑘, the functoriality of 𝐷 is
equivalent to saying that the product of the Jacobian of 𝑓 at 𝑎 with
the Jacobian of 𝑔 at 𝑓(𝑎) equals the Jacobian of 𝑔𝑓 at 𝑎. This is the
chain rule. ⟡
The functors appearing in Ⅾefinition 12.0.1 are called covariant to

distinguish them from another type of functor.

12.0.6 Ⅾefinition. A contravariant functor 𝐹 from the category C to
the category D is a functor 𝐹∶ Cop → D. For each 𝑓∶ 𝑋 → 𝑌 in C,
there is a morphism 𝐹(𝑓)∶ 𝐹(𝑌)→𝐹(𝑋) in D.
12.0.7 Example. The contravariant functor 𝑃∶ Setop → Set sends a
set 𝑋 to its power set 𝑃(𝑋) and a map 𝑓∶ 𝑋 → 𝑌 of sets to the
inverse‑image map 𝑓−1∶ 𝑃(𝑌) → 𝑃(𝑋) defined, for all 𝑌′ ⊆ 𝑌 , by𝑓−1(𝑌′)∶= {𝑥 ∈ 𝑋 || 𝑓(𝑥) ∈ 𝑌′} ⊆ 𝑋 . ⟡
12.0.8 Example. There is a functor (−)∗∶ Vectop𝐾 →Vect𝐾 that carries
a 𝐾‑vector space 𝑉 to its dual space 𝑉∗ ∶= Hom(𝑉,𝐾). A vector in𝑉∗ is a linear functional on𝑉 . This functor is contravariant because
the linear map 𝜑∶ 𝑉 → 𝑊 is sent to the linear map 𝜑∗∶ 𝑊∗ → 𝑉∗
that pre‑composes a linear functional 𝜔∶ 𝑊 → 𝐾 with 𝜑 to obtain
the linear functional (𝜔𝜑)∶ 𝑉 →𝐾. ⟡
12.0.9 Ⅼemma. Functors preserve isomorphisms

Proof. Ⅼet 𝑓∶ 𝑋 → 𝑌 be an isomorphism in a category C and let𝑔∶ 𝑌 → 𝑋 be its inverse. For any 𝐹∶ C → D, functoriality implies
that 𝐹(𝑔)𝐹(𝑓) = 𝐹(𝑔𝑓) = 𝐹(id𝑋) = id𝐹(𝑋). By symmetry, we see
that 𝐹(𝑔)∶ 𝐹(𝑌)→𝐹(𝑋) is the inverse of 𝐹(𝑓)∶ 𝐹(𝑋)→𝐹(𝑌).
12.0.10 Example. For any group𝐺, let B𝐺 be its one‑object category.
A functor 𝑋∶ B𝐺 → C specifies an object 𝑋 in C and a morphism𝑔∗∶ 𝑋 →𝑋 for any element 𝑔 in 𝐺 such that two conditions hold:

(identity) For the identity element 𝑒 in 𝐺, we have 𝑒∗ = id𝑋 .
(composition) For any 𝑔 and ℎ in 𝐺, we have ℎ∗ 𝑔∗ = (ℎ𝑔)∗.
Such functor defines an action of the group 𝐺 on the object 𝑋 in
C. When C = Set, the object 𝑋 is endowed with a group action.
When C = Vect𝐾 , the object𝑋 is a representation of𝐺. Because the
elements 𝑔 in 𝐺 are isomorphisms in B𝐺, their images under any
functor must also be isomorphisms in the target category. ⟡
12.0.11 Example. A category is locally small if between any pair of
objects there is only a set’s worth of morphisms. The category CAT
has locally small categories as objects and functors between them
as morphisms. The categories Set, Grp, Poset are objects in CAT.
The functor (−)op∶ CAT→ CAT defines a nontrivial automorphism
of the category of categories. ⟡

Ɪn a locally small category C, it is
traditional to write HomC(𝑋,𝑌) for
the set of morphisms from 𝑋 to 𝑌 .

Ⅽopyright © 2025 by Gregory G. Smith
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12.1 Naturality
Ⅽategories and functors were first conceived as auxiliary concepts
needed to give a precise meaning to the concept of naturality.

12.1.1 Ⅾefinition. Ⅼet 𝐹∶ C→D and𝐺∶ C→D be functors. A natural
transformation𝛼∶ 𝐹 ⇒ 𝐺 consists of amorphism𝛼𝑋∶ 𝐹(𝑋)→𝐺(𝑋)
in D for each object 𝑋 in C such that, for any morphism 𝑓∶ 𝑋 → 𝑌
in C, the following square in D𝐹(𝑋) 𝐺(𝑋)

𝐹(𝑌) 𝐺(𝑌)
𝛼𝑋

𝐹(𝑓) 𝐺(𝑓)
𝛼𝑌

commutes.

Ɪn practice, a natural transformation
is defined by saying “the morphisms𝛼𝑋 are natural” which means that the
collection defines a natural
transformation. Although the correct
choice of the source and target
functors and the sourse and target
categories may be implicit, the
naturality condition refers to every
object and every morphism in the
source category and is described using
the images in the target category
under the action of both functors.

12.1.2 Example. There is natural transformation 𝜂∶ idSet ⇒ 𝑃 from
the identity to the covariant power set functor where 𝜂𝑋 ∶ 𝑋 →𝑃(𝑋)
sends the element 𝑥 in 𝑋 to the singleton {𝑥} in 𝑃(𝑋). ⟡
12.1.3 Example. For any 𝐾‑vector space 𝑉 , the map ev∶ 𝑉 → 𝑉∗∗
that sends a vector 𝑣 in𝑉 to the linear function ev𝑣∶ 𝑉∗ →𝐾 defines
a natural transformation from the identity functor on Vect𝐾 to the
double dual functor. To verify that the natural square commutes for
any linear map 𝜑∶ 𝑉 →𝑊𝑉 𝑉∗∗

𝑊 𝑊∗∗ ,
ev

𝜑 𝜑∗∗
ev

it suffices to consider a generic vector 𝑣 in 𝑉 . The evaluation map
ev𝜑(𝑣)∶ 𝑊∗ → 𝐾 carries a linear functional 𝑓∶ 𝑊 → 𝐾 to 𝑓(𝜑(𝑣)).
Example 12.0.8 shows that the morphism sends 𝜑∗∗(ev𝑣)∶ 𝑊∗ →𝐾
carries a linear function 𝑓∶𝑊∗→𝐾 to 𝑓(𝜑(𝑣)). ⟡

The identity functor and the single
dual functor on finite‑dimensional
vector spaces are not naturally
isomorphic. One obstruction is
technical: the identity functor is
covariant while the dual functor is
contravariant. The essential failure of
naturality is more significant. The
isomorphisms between a vector space
and its dual require a choice of basis,
which is preserved by no nonidentity
linear transformations.

A familiar isomorphism arising from the classification of finitely
generated abelian groups is not natural.

12.1.4 Proposition. Ⅼet 𝐺 be a finitely generated abelian group, and let𝜏(𝐺) be its torsion subgroup. The isomorphism𝐺 ≅ 𝜏(𝐺)⊕ (𝐺/𝜏(𝐺)) is
not natural.

Proof. Suppose that the isomorphism 𝐺 ≅ 𝜏(𝐺) ⊕ (𝐺/𝜏(𝐺)) were
natural in𝐺. The composite𝐺→𝐺/𝜏(𝐺)→𝜏(𝐺)⊕(𝐺/𝜏(𝐺)) ≅ 𝐺 of
the canonical quotient map, the canonical inclusion map, and this
isomorphismwould define a natural transformation on the identity
functor on Abfg. We claim that this is impossible.
We first show that any natural transformation 𝛼∶ idAbfg → idAbfg

is multiplication by some integer 𝑛. A homomorphism 𝜑∶ ℤ→𝐺 of
Ⅽopyright © 2025 by Gregory G. Smith
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abelian groups is determined by the image 𝑔 ∶= 𝜑(1ℤ) ∈ 𝐺. Thus,
the commutativity of the diagramℤ ℤ

𝐺 𝐺
𝛼ℤ

𝑔 𝑔
𝛼𝐺

forces 𝛼𝐺(𝑔) = 𝑛𝑔.
From the case 𝐺 = ℤ, it follows that the natural transformation

defined by𝐺→𝐺/𝜏(𝐺)→𝜏(𝐺)⊕(𝐺/𝜏(𝐺)) ≅ 𝐺 ismultiplication by a
nonzero integer 𝑛. Ⅽonsider𝐺∶= ℤ/⟨2𝑛⟩. This is a torsion group, so
any map, such as 𝛼ℤ/⟨2𝑛⟩ which factors through the quotient, is zero.
However, we have 𝑛 ≠ 0 ∈ ℤ/⟨2𝑛⟩ which is a contradiction.
Natural isomorphisms lead to the equivalence of categories.

12.1.5 Ⅾefinition. An equivalence of categories consists of functors𝐹∶ C→ D and 𝐺∶ D→ C, and natural isomorphisms 𝜂∶ idC ≅−→𝐺𝐹
and 𝜖∶ idD ≅−→𝐹𝐺. The categories C and D are equivalent, written
C ≃ D, if there exists an equivalence between them.

As the nomenclature suggests, the
notion of equivalent categories
defines an equivalence relation.

There is a useful characterization of the functors in an equiva‑
lence of categories. Ɪts statement requires new terminology.

12.1.6 Ⅾefinition. Ⅼet 𝐹∶ C→ D be a functor. This functor is full if,
for any objects 𝑋 and 𝑌 in C, the morphism map HomC(𝑋,𝑌) →
HomD(𝐹(𝑋),𝐹(𝑌)) is surjective. Ɪt is faithful if, for any objects 𝑋
and 𝑌 in C, the morphism map HomC(𝑋,𝑌)→HomD(𝐹(𝑋),𝐹(𝑌))
is injective. Finally, it is essentially surjective on objects if, for every
object𝑍 inD, there exists an object𝑋 inC such that𝑍 is isomorphic
to 𝐹(𝑋).
12.1.7 Theorem. A functor that defines an equivalence of categories is
full, faithful, and essentially surjective on objects. Ⅽonversely, any functor
with these properties defines an equivalence of categories. !

The proof of Theorem 12.1.7 involves a
lengthy diagram chase. The second
part uses the axiom of choice.

12.1.8 Example. For any field 𝐾, the categories Mat𝐾 and Vectfd𝐾 are
equivalent. Ⅽonsider an intermediate category Vectbs𝐾 whose ob‑
jects are finite‑dimensional vector spaces equipped with a chosen
basis and whose morphisms are arbitrary linear maps. These cat‑
egories are related by four functors: 𝑈∶ Vectbs𝐾 → Vectfd𝐾 is the for‑
getful functor. The functor 𝐾(−)∶Mat𝐾 → Vectbs𝐾 sends 𝑛 to the vec‑
tor space 𝐾𝑛, equipped with the standard basis, and each (𝑚 × 𝑛)‑
matrix, relative to the standard bases on𝐾𝑛 and𝐾𝑚, defines a linear
map𝐾𝑛→𝐾𝑚. The functor𝐻∶ Vectbs𝐾 →Mat𝐾 carries a vector space
to its dimension and a linear map 𝜑∶ 𝑉 →𝑊 to the matrix relative
to the chosen bases. The functor 𝐶∶ Vectfd𝐾 → Vectbs𝐾 is defined by
choosing a basis for each vector space. One verifies that functors
are full, faithful, and essentially surjective on objects. ⟡

Ⅽopyright © 2025 by Gregory G. Smith
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12.2 Representable Functors
A foundational lemma in category theory demonstrates that every
object can be characterized by a universal property.

Ⅽertain classes of universal properties
define blueprints which specify how a
new object may be build out of a
collection of existing ones.

12.2.1 Ⅾefinition. Ⅼet𝐹 be a covariant or contravariant functor from
a locally small category C to Set. A representation of the functor 𝐹 is
a choice of object𝑋 inCwith a natural isomorphismHomC(𝑋,−) ≅𝐹 when 𝐹 is covariant, or HomC(−,𝑋) ≅ 𝐹 when 𝐹 is contravariant.
Ɪn either case, 𝐹 is represented by 𝑋. A functor is representable if
there exists a representation.

A universal property of an object 𝑋 in
the locally small category C describes
eithers the covariant functor
HomC(𝑋,−) or the contravariant
functor HomC(−,𝑋).

12.2.2 Example. The identity idSet∶ Set→ Set is represented by the
singleton set {∅}. For any set𝑋, there exists a natural isomorphism
HomSet({∅},𝑋) ≅ 𝑋 that defines a bijection between the elements𝑥 ∈ 𝑋 and maps 𝑥∶ {∅} → 𝑋 carrying the singleton element to 𝑥.
Naturality says that, for any 𝑓∶ 𝑋 →𝑌 , the diagram

HomSet({∅},𝑋) 𝑋
HomSet({∅},𝑌) 𝑌

≅
𝑓∗ 𝑓

≅
commutes. The composite function {∅} 𝑥−→𝑋 𝑓−→𝑌 corresponds to
the element 𝑓(𝑥). ⟡
12.2.3 Example. The forgetful functor 𝑈∶ Top→ Set is represented
by the singleton space. There exists a natural bijection between el‑
ements of a topological space and continuous functions from the
one‑point space. ⟡
12.2.4 Example. The forgetful functor 𝑈∶ Grp→ Set is represented
by the group ℤ. For any group 𝐺, there is a natural isomorphism
HomGrp(ℤ,𝐺) ≅ 𝑈(𝐺) that associates, to each element 𝑔 in 𝑈(𝐺),
the unique group homomorphism ℤ → 𝐺 that maps 1ℤ to 𝑔. This
defines a bijection because a group homomorphism ℤ → 𝐺 is de‑
termined by the image of 1ℤ. Ɪn other words, ℤ is the free group
on a single generator. This bijection is natural: for any morphism𝜑∶ 𝐺→𝐻 in Grp, the composite ℤ→𝐺→𝐻 sends 1ℤ to 𝜑(𝑔). ⟡
12.2.5 Example. For any commutative ring 𝑅, the forgetful functor𝑈∶Mod𝑅 → Set is represented by the 𝑅‑module 𝑅1. There exists a
natural bijection between 𝑅‑linear maps 𝑅 → 𝑉 and the elements
of the underlying set of 𝑉 : an element 𝑣 in 𝑈(𝑉) is corresponds to
the unique 𝑅‑linear map that sends 1𝑅 to 𝑣. Ɪn other words, 𝑅1 is
the free 𝑅‑module on a single generator. ⟡
12.2.6 Example. The functor 𝑈∶ CRng→ Set is represented by the
ring ℤ[𝑥]. A ring homomorphism ℤ[𝑥]→𝑅 is uniquely determined

Ⅽopyright © 2025 by Gregory G. Smith
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by the image of 𝑥. Ɪn other words,ℤ[𝑥] is the free commutative ring
on a single generator. ⟡
12.2.7 Example. Ⅼet 𝑛 be a nonnegative integer and consider the
following analogous functors. The functor 𝑈𝑛∶ Grp → Set, which
sends a group 𝐺 to the set of 𝑛‑tuples of elements of 𝐺, is repre‑
sented by the free group on 𝑛 generators. For any commutative ring𝑅, the functor𝑈𝑛∶Mod𝑅 →Set is represented by the free 𝑅‑module𝑅𝑛. Ⅼastly, the functor 𝑈𝑛∶ CRng→ Set is represented by the poly‑
nomial algebra ℤ[𝑥1, 𝑥2,… ,𝑥𝑛]. ⟡

The adjective “free” is reserved for
universal properties expressed by
covariant represented functors.

12.2.8 Example. The functor (−)×∶ CRng→ Set that sends a ring to
its units is represented by the Ⅼaurent polynomial ring ℤ[𝑥, 𝑥−1]. A
ring homomorphism ℤ[𝑥, 𝑥−1]→𝑅may be defined by sending 𝑥 to
any unit of 𝑅 and is completely determined by this assignment. No
ring homomorphism sends 𝑥 to a nonunit. ⟡
12.2.9 Example. The contravariant power set functor𝑃∶ Setop→Set
is represented by the setΩ∶= {0, 1} with two elements. The natural
isomorphism HomSet(𝑋,Ω) ≅ 𝑃(𝐴) is defined by the bijection that
associates a map 𝑋 → Ω with the subset that is the preimage of 1.
Reversing perspectives, a subset𝑋′ ⊆ 𝑋 is identify with its indicator
function 𝜒𝑋′ ∶ 𝑋 → Ω which sends exactly the elements of 𝑋′ to 1.
The naturality condition stipulates that, for anymap 𝑓∶ 𝑋 →𝑌 , the
diagram

HomSet(𝑌,Ω) 𝑃(𝑋)
HomSet(𝑋,Ω) 𝑃(𝑌)

≅
𝑓∗ 𝑓−1

≅
commutes. Given an indicator function𝜒𝑌′ ∶ 𝑌 →Ω, the composite
function 𝑋 𝑓−−→𝑌 𝜒𝑌′−−−→Ω determines the subset 𝑓−1(𝑌′) ⊂ 𝑋 . ⟡
12.2.10 Example. For any field 𝐾, the functor 𝑈∗∶ Vectop𝐾 → Vect𝐾
that sends a vector space to the set of vectors in its dual space is
represented by the vector space𝐾; linear functionals 𝑉 →𝐾 are, by
definition, precisely the vectors in the dual space 𝑉∗. ⟡
12.2.11 Example. For any two set 𝑌 and 𝑍, the functor

Hom(− × 𝑌,𝑍)∶ Setop→Set
that sends a set 𝑋 to the set of functions 𝑋 × 𝑌 →𝑍 is represented
by the set𝑍𝑌 of functions from𝑌 to𝑍. Hence, there exists a natural
bijection between functions𝑋×𝑌 →𝑍 and functions𝑋→𝑍𝑌 . This
natural isomorphism is referred to as currying in computer science.
By fixing a variable in a two‑variable function, one obtains a family
of functions in a single variable. ⟡

Ⅽopyright © 2025 by Gregory G. Smith
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12.3 The Yoneda Ⅼemma
The previous section suggests that a representation encodes some
sort of universal property of its representing object. Ɪf two objects
represent the same functor, are they isomorphic?

This eponymous lemma was baptized
by Saunders Ⅿac Ⅼane after learning
about it from Nobuo Yoneda in 1954.

12.3.1 Ⅾefinition. For any categories C and D, the functor category
DC has the functors 𝐹∶ C → D as the objects and natural transfor‑
mations between them as morphisms. Given an object 𝐹 in DC, its
identity morphism id𝐹 ∶ 𝐹 ⇒ 𝐹 in DC is the natural transformation
determined by (id𝐹)𝑋 ∶= id𝐹(𝑋) for all objects 𝑋 in C. To describe
composition in DC, consider three parallel functors 𝐸,𝐹,𝐺∶ C→ D
and two natural transformations 𝛼∶ 𝐸 ⇒ 𝐹 and 𝛽∶ 𝐹 ⇒ 𝐺. The
composite natural transformation 𝛽𝛼∶ 𝐸 ⇒ 𝐺 is determined, for
all objects 𝑋 in C, by (𝛽 𝛼)𝑋 ∶= 𝛽𝑋 𝛼𝑋 . Naturality of 𝛼 and 𝛽 implies
that, for any morphism 𝑓∶ 𝑋 →𝑌 in C, each square in the diagram

𝐸(𝑋) 𝐹(𝑋) 𝐺(𝑋)
𝐸(𝑌) 𝐹(𝑌) 𝐺(𝑌)

𝛼𝑋
𝐸(𝑓)

𝛽𝑋
𝐹(𝑓) 𝐺(𝑓)𝛼𝑌 𝛽𝑌

commutes, so the composite rectangle also commutes. To remains
to verify that composition is associative and unital. Ɪt suffices to
verify these properties for all objects 𝑋 in C. Therefore, they follow
from the associativity and unitality of composition in D.
The next result is arguably the most important result in category

theory. Ɪts takes time to appreciate this deceptively deep statement.

12.3.2 YonedaⅬemma. Ⅼet Cbe a locally small category. For any functor𝐹∶ C→Set and any object 𝑋 in C, there is a bijection
HomSetC(HomC(𝑋,−), 𝐹) ≅ 𝐹(𝑋)

that associates a natural transformation 𝛼∶ HomC(𝑋,−) ⇒ 𝐹 to the
element 𝛼𝑋(id𝑋) in 𝐹(𝑋). This bijection is natural in both 𝑋 and 𝐹. !

The statement of the dual form of the
Yoneda Ⅼemma is left as an exercise.

A particular case of the Yoneda lemma characterizes the natural
transformations between representable functors. Each object 𝑋 in
the category C represents a functor HomC(𝑋,−)∶ C→Set and each
morphism 𝑓∶ 𝑋 →𝑌 in C corresponds to a natural transformation𝑓∗∶ HomC(𝑌,−) ⇒ HomC(𝑋,−) determined, for all objects 𝑍 in C,
by the precomposition map 𝑓∗∶ HomC(𝑌,𝑍) → HomC(𝑋,𝑍). This
data determines a functor𝐻∶ Cop→SetC.
12.3.3 Ⅽorollary. The functor𝐻∶ Cop→SetC is full and faithful. The functor𝐻 is called the Yoneda

embedding.

Proof. By Ⅾefinition 12.1.6, the functor 𝐻∶ Cop → SetC is full and
faithful provided it defines local bijections between hom‑sets

Ⅽopyright © 2025 by Gregory G. Smith
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HomC(𝑋,𝑌) ≅ HomSetC(HomC(𝑌,−),HomC(𝑋,−)) .
The definition of the functor 𝐻 ensures that this map is injective:
distinct morphism induces distinct natural transformations. The
Yoneda lemma implies that a natural transformation𝛼∶ HomC(𝑌,−) ⇒ HomC(𝑋,−)
corresponds to elements in HomC(𝑋,𝑌); the morphism 𝑓∶ 𝑋 →𝑌
in C is 𝑓 = 𝛼𝑌(id𝑌). Ⅾefined as precomposition with 𝑓∶ 𝑋 →𝑌 , the
natural transformation 𝑓∗∶ HomC(𝑌,−) ⇒ HomC(𝑋,−) sends id𝑌
to 𝑓. Thus, the bijection implies that 𝛼 = 𝑓∗.
12.3.4Ⅽorollary. Every group is isomorphic to a subgroup of a symmetric
group.

The Yoneda lemma is a generalization
of Theorem 2.1.8.

Proof. For any group 𝐺, Example 12.0.10 establishes that a functor𝑋∶ B𝐺 → Set corresponds to a set 𝑋 with a 𝐺‑action. A natural
transformation 𝛼∶ 𝑋 ⇒ 𝑌 consists of a single 𝐺‑equivariant map𝛼∶ 𝑌 → 𝑋 of sets. The 𝐺‑equivariant maps 𝐺 → 𝑋 are in bijection
with elements of𝑋: identify a map with the image of 𝑒 in𝐺. Hence,
the image of the Yoneda embedding B𝐺op→SetB𝐺 is the set𝐺 under
left translation. Ⅽorollary 12.3.3 implies that the only𝐺‑equivariant
endomorphisms of𝐺 are those defined by right multiplication with
an element of𝐺. Ɪn particular, any𝐺‑equivariant endomorphism of𝐺must be an automorphism.
Thus, the Yoneda embedding defines an isomorphism between𝐺 and the automorphism group of the 𝐺, regarded as an object in

SetB𝐺. Ⅽomposing with the faithful forgetful functor SetB𝐺 → Set
gives an isomorphism between 𝐺 and a subgroup of the automor‑
phism group𝔖𝐺 of the set 𝐺.

Amap𝛼∶ 𝑌 →𝑋 is𝐺‑equivariant if, for
any 𝑔 in 𝐺, the diagram𝑌 𝑋

𝑌 𝑋
𝛼

𝑔∗ 𝑔∗
𝛼

commutes.

12.3.5 Ⅽorollary. Ⅼet 𝑋 and 𝑌 be objects in a locally small category C.
When the functors represented by𝑋 and 𝑌 are naturally isomorphic, the
objects 𝑋 and 𝑌 are isomorphic. Ɪn particular, when 𝑋 and 𝑌 represent
the same functor, the objects 𝑋 and 𝑌 are isomorphic.
Sketch of proof. The full and faithful functor 𝐻∶ Cop→ SetC creates
isomorphisms: any two objects in Cop, whose images are isomor‑
phic in SetC, are isomorphic in Cop. Thus, an isomorphism between
represented functors is induced by a unique isomorphism between
their representing objects. Given a functor represented by 𝑋 and𝑌 , the representing natural isomorphisms compose to show that𝑋
and 𝑌 are representably isomorphic.

Ⅽopyright © 2025 by Gregory G. Smith



Bibliography
Arnold, Ⅴladimir Ɪ. 1998. On teaching mathematics, Russian Ⅿath. Surveys 53, no. 1, 229–236.
Ⅽayley, Arthur. 1854. On the theory of groups, as depending on the symbolic equation 𝜃𝑛 = 1, Phil. Ⅿag. (4)
42, no. 7, 40–47.

. 1893. Note on the so‑called quotient𝐺/𝐻 in the theory of groups, Amer. J. Ⅿath. 15, no. 4, 387–388.
Ⅽauchy, Augustin Ⅼouis. 1844.Ⅿémoire sur les arrangements que l’on peut former avec des lettres données et
sur les permutations ou substitutions à l’aide desquelles on passe d’un arrangement à un autre, Exercices
d’analyse et de physique mathématique 3, 151–252.
Ⅽhevalley, Ⅽlaude. 1943. On the theory of local rings, Ann. of Ⅿath. (2) 44, 690–708.
Ⅽox, Ⅾavid A. 2011.Why Eisenstein proved the Eisenstein criterion and why Schönemann discovered it first,
Amer. Ⅿath. Ⅿonthly 118, no. 1, 3–21.
Ⅾedekind, Richard. 1871. Supplement Ⅹ, in Ⅴorlesungen über Zahlentheorie by Peter Gustav Ⅼejeune
Ⅾirichlet, Braunschweig. Ⅴieweg.
de Groot, Johannes. 1959. Groups represented by homeomorphism groups, Ⅿath. Ann. 138, 80–102.
Ⅾyck, Walther. 1882. Gruppentheoretische Studien, Ⅿath. Ann. 20, no. 1, 1–44.
Eisenstein, Gotthold. 1850. Über die Ɪrreductibilität und einige andere Eigenschaften der Gleichung, von
welcher die Theilung der ganzen Ⅼemniscate abhängt, J. Reine Angew. Ⅿath. 39, 160–179.
Frucht, Roberto. 1939. Herstellung von Graphen mit vorgegebener abstrakter Gruppe, Ⅽompositio Ⅿath. 6,
239–250.
Galois, Évariste. 1846.Œuvres Ⅿathématiques, J. Ⅿath. Pures Appl. ⅩꞮ, 381–444.
Granville, Andrew. 2024. Ɪt is not ”Bézout’s identity”. available at arXiv:2406.15642 [math.HO].
Hilbert, Ⅾavid. 1890. Über die Theorie der algebraischen Formen, Ⅿathematische Annalen 36, 473–534.

. 1897. Ⅾie Theorie der algebraischen Zahlkörper, Jahresbericht der Ⅾeutschen
Ⅿathematiker‑Ⅴereinigung 4, no. Ɪ‑ⅩⅤꞮꞮꞮ, 175–546.
Hodges, Wilfrid. 1979. Krull implies Zorn, J. Ⅼondon Ⅿath. Soc. (2) 19, no. 2, 285–287.

Jordan, Ⅽamille. 1861.Ⅿémoire sur le numbre des valeurs des fonctions, Journal de l’École polytechnique
22, 113–194.

. 1870. Traité des substitutions et des équations algébriques, Gauthier–Ⅴillars, Paris. 667 p.
Klein, Felix. 1884. Ⅴorlesungen über das Ɪkosaeder und die Auflösung der Gleichungen vom fünften Grade,
Teubner, Ⅼeipzig.
Krull, Wolfgang. 1929. Ɪdealtheorie in Ringen ohne Endlichkeitsbedingung, Ⅿath. Ann. 101, no. 1, 729–744.
Ⅼagrange, Joseph‑Ⅼouis. 1771. Suite des réflexions sur la résolution algébrique des équations. Section
troisieme. Ⅾe la résolution des équations du cinquieme degré & des degrés ultérieurs, Nouveaux Ⅿémoires de
l’Académie Royale des Sciences et Belles‑Ⅼettres de Berlin 5, no. 4, 138–254.

. 1795. Ⅼeçon Ⅽinquième. Sur l’usage des courbes dans la solution des problèmes, Ⅼeçons
Elémentaires sur les Ⅿathématiques. Republished in Serret, Joseph‑Alfred, ed. (1877). Oeuvres de
Ⅼagrange. Ⅴol. 7. Gauthier‑Ⅴillars. pp. 271–287.
Ⅿiller, George Abram. 1910. On a method due to Galois, The Quarterly Journal of Pure and Applied
Ⅿathematics 41, 382–384.
Ⅿöbius, August F. 1832. Über eine besondere Art von Umkehrung der Reihen, J. Reine Angew. Ⅿath. 9,
105–123.
Noether, Emmy. 1921. Ɪdealtheorie in Ringbereichen, Ⅿath. Ann. 83, no. 1‑2, 24–66.

. 1927. Abstrakter Aufbau der Ɪdealtheorie in algebraischen Zahl‑ und Funktionenkörpern, Ⅿath. Ann.
96, no. 1, 26–61.
Novikov, Pëtr Sergeevich. 1955. Ob algoritmičeskoĭ nerazrešimosti problemy toždestva slov v teorii grupp,
Ɪzdat. Akad. Nauk SSSR, Ⅿoscow. Trudy Ⅿat. Ɪnst. Steklov. no. 44.

https://www.mathnet.ru/links/ad286d683d6a91ce2bdb6f07a0934524/rm5_eng.pdf
https://doi.org/10.1080/14786445408647421
https://doi.org/10.2307/2369521
https://gallica.bnf.fr/ark:/12148/bpt6k96417945/f157.item
https://gallica.bnf.fr/ark:/12148/bpt6k96417945/f157.item
https://doi.org/10.2307/1969105
https://doi.org/10.4169/amer.math.monthly.118.01.003
https://doi.org/10.1007/BF01369667
https://doi.org/10.1007/BF01443322
https://doi.org/10.1515/crll.1850.39.160
https://doi.org/10.1515/crll.1850.39.160
https://doi.orghttps://www.numdam.org/item/CM_1939__6__239_0/
https://archive.org/details/s1journaldemat11liou/page/380/mode/2up
https://arxiv.org/abs/2406.15642
https://eudml.org/doc/157506
http://eudml.org/doc/144518
https://doi.org/10.1112/jlms/s2-19.2.285
https://gallica.bnf.fr/ark:/12148/bpt6k433691p/f118.image.langEN
https://gallica.bnf.fr/ark:/12148/bpt6k290534/f11.item
http://eudml.org/doc/203220
https://doi.org/10.1007/BF01454872
https://gallica.bnf.fr/ark:/12148/bpt6k229222d/f306
https://gallica.bnf.fr/ark:/12148/bpt6k229222d/f306
https://archive.org/details/oeuvrespublies07lagruoft/page/n7/mode/2up
https://books.google.ca/books?id=Q4qXAAAAMAAJ&pg=PA382
https://doi.org/10.1515/crll.1832.9.105
https://doi.org/10.1007/BF01464225
https://doi.org/10.1007/BF01209152


BꞮBⅬꞮOGRAPHY 127

Poonen, Bjorn. 2019.Why all rings should have a 1, Ⅿath. Ⅿag. 92, no. 1, 58–62.
Sabidussi, Gert. 1960. Graphs with given infinite group, Ⅿonatsh. Ⅿath. 64, 64–67.
Schönemann, Theodor. 1846. Ⅴon denjenigen Ⅿoduln, welche Potenzen von Primzahlen sind, J. Reine
Angew. Ⅿath. 32, 93–105.
Smith, Henry J. S. 1861. On systems of linear indeterminate equations and congruences, Philos. Trans. Roy.
Soc. . 151, 293–32.
Sylow, Ⅼudwig. 1872. Théorèmes sur les groupes de substitutions, Ⅿath. Ann. 5, no. 4, 584–594.
Waring, Edward. 1779. Problems concerning interpolations, Philosophical Transactions of the Royal
Society 69, 59–67.
Wielandt, Helmut. 1959. Ein Beweis für die Existenz der Sylowgruppen, Arch. Ⅿath. 10, no. 1, 401–402.
Zorn, Ⅿax. 1935. A remark on method in transfinite algebra, Bull. Amer. Ⅿath. Soc. 41, no. 10, 667–670.

Ⅽopyright © 2025 by Gregory G. Smith

https://doi.org/10.1080/0025570X.2018.1538714
https://doi.org/10.1007/BF01319053
https://doi.org/10.1515/crll.1846.32.93
https://doi.org/10.1098/rstl.1861.0016
https://doi.org/10.1007/BF01442913
https://doi.org/10.1098/rstl.1779.0008
https://doi.org/10.1007/BF01240818
https://doi.org/10.1090/S0002-9904-1935-06166-X

	Preface
	I Group Theory
	Groups
	Abstract Groups
	Permutations
	Subgroups
	Automorphism Groups
	Exercises

	Quotient Groups
	Group Homomorphisms
	Permutation Groups
	Cosets
	Normal Subgroups
	Exercises

	Groups in Action
	Isomorphism Theorems
	Orbits and Stablizers
	The First Sylow Theorem
	The Other Sylow Theorems
	Exercises

	Classifications & Constructions
	Groups of Small Order
	Simple Groups
	Free Groups
	Presentation of a Group
	Exercises


	II Ring Theory
	Rings
	Commutative Rings
	Homomorphisms and Fields
	Isomorphism Theorems
	Maximal and Prime Ideals
	Exercises

	Fractions and Division
	Rings of Fractions
	Univariate Polynomials
	Multiplicity of Roots
	Euclidean Domains
	Exercises

	Factorization
	Greatest Common Divisors
	Unique Factorization
	Noetherian Rings
	Factoring polynomials
	Exercises

	Irreducibility
	Basic Sieve Theory
	Irreducibility Criteria
	Exercises


	III Module Theory
	Modules
	Modules over a Commutative Ring
	Isomorphism Theorems
	Exercises

	Sources of Modules
	Products and Direct Sums
	Exactness
	Free Modules
	Vector Spaces
	Exercises

	Classifying Modules
	Submodules of Free Modules
	Matrices
	Diagonalizing Matrices
	Modules over a Principal Ideal Domain
	Exercises

	Applications
	Finitely Generated Abelian Groups
	Jordan Canonical Form
	Exercises


	IV Category Theory
	Metamathematics
	Mathematical Analogies
	Categories
	Exercises

	Power
	Functoriality
	Naturality
	Representable Functors
	The Yoneda Lemma

	Bibliography


