MATH 893 : 2025

Problems 02

Due: Thursday, 18 September 2025 before 23:59 ET

. Let X and Y be sets. The identity map idy : X — X is defined by x — x for all x in
X, and the projection 77; : X X Y = X is defined by (x,y) ~ x for all x in X and
alyinY. Foranymaps¢: X - Xand#: X - Y,themapg||[9p: X - X XY
is defined by x ~ (@(x),%(x)) forall x in X,and themap p X p: X X X - X XY
is defined by (w, x) — (¢(w), (x)) for all w and all x in X. For the 1-element set
{@}, there exists a unique map 7 : X — {@} defined by n(x) = ¢ for all x in X.

Suppose that the set X is nonempty and consider three maps §: X X X — X,
e: {@} — X,and : X — X satisfying the following three conditions:

(associativity) B o (B Xidx) = o (idx X f3),

(right identity) o (idx X €) = idy o7y,

(rightinverse)  Bo(idx||t) =€on.
Prove that the quadruple (X, (3, €, t) defines a group.

. For any nonnegative integer n, the sign function sgn: &, — u, := {+1} is defined
by sgn(o) := (—1)"¢ where the permutation o is the product of ¢ disjoint cycles.
i. For any permutation o and any transposition @, prove sgn(w o) = —sgn(0o).
ii. For any permutations ¢ and 7, show that sgn(o 7) = sgn(o) sgn(7).
iii. When the permutation ¢ is the product of m transpositions, demonstrate that
sgn(o) = (-1)™.

. The quaternion group is the subgroup of SL(2, C) generated by the eight matrices:

10 _Ji O —J0 1 [0 i

1=|o 9|, a=lp 4. B=|2 | c=|7 o|.

—[-1 _[-io0 _ [0 =1 _ [0 —i
=9 2. -a=[38. =00 -e=|4 T
i. Determine the order of the quaternion group.

ii. Find a minimal set of generators for the quaternion group.
iii. Show that the quaternion group is not isomorphic to the dihedral group D,.
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