MATH 893 : 2025

Problems 03

Due: Thursday, 25 September 2025 before 23:59 ET

. Let H and K be subgroups of a group G. For any element g in G, the set
HgK:={fe€G|f=hgkforsomeheH, k € K}

is called a double coset.
i. Prove that the double cosets partition G.
ii. Do all double cosets have the same cardinality?
iii. When G has finite order, must the cardinality of a double coset divide |G|?

. Let G be a group and let Aut(G) be its automorphism group. For any element g in
G, consider the map y, : G — G defined by y,(f) := gfg™" forall fin G.
i. For any element g in G, show that y, is an automorphism.
ii. Prove that the map I': G — Aut(G) defined by I'(g) := ¥,, forall gin G, is a
group homomorphism.
iii. Show that Ker(T") = Z(G).
iv. Prove that the image Im(T") is a normal subgroup of Aut(G).

. Fix a nonnegative integer n. The permutations ¢ and 7 in the symmetric group &,,
have the same cycle structure if, for any nonnegative integer k, their factorizations
into disjoint cycles have the same number of cycles of length k. The cycle type of
a permutation is the list 4 := (4,,4,_1,...,4;) where 4; is the number of cycles
length j in its factorization into disjoint cycles.

i. For any permutations ¢ and 7 in &,,, prove that the conjugate permutation
o 7o~ ! has the same cycle structure as T and may be obtained by applying ¢ to
the entries in the cycles of 7.

ii. Prove that permutations are conjugate if and only if they have the same cycle

type.
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