Problems 07

Due: Thursday, 30 October 2025 before 23:59 ET
1. For any field K, let K((x)) be ring of formal Laurent series with coefficients in K:
K(x) = {Z a;x!
l=m
where the ring operations are defined as in the ring of formal power series K[[x]].

Prove that the commutative ring K((x)) is isomorphic to the fields of fractions for
the domain K[[x]].

aiEK,mEZ}

2. Let R be a commutative ring. Consider the derivative operator D : R[x] — R[x]
defined, for any polynomial f := a, x" + a,_; X! + --- + a; x + a, in R[x], by

D(f)y:=ma)x"'+((n-1)a,,)x" 2+ - +a,.

i. Prove that the operator D is an R-linear map: for any r and s in the coefficient
ring R, and any f and g in the polynomial ring R[x], we have

D(rf+sg)=rD(f)+sD(g).
ii. Prove that the operator D satisfies the Leibniz product rule: for any f and g in
the polynomial ring R[x], we have

D(fg)=D(f)g+ fD(g).

iii. Let f be a polynomial in R[x]. Assume that z in R is root of f having multi-
plicity m with m > 1. Prove that z is also a root of the derivative D(f) having
multiplicity at least m — 1. Moreover, when the product m 1 is invertible in R,
prove that z is a root of the derivative D(f) having multiplicity m — 1.

3. Letw = %(—1 +14/31) in C be one of the complex roots of the polynomial X2 + x + 1
in C[x]. Prove that the commutative domain Z[w]:={a + bw|a,b € Z} c Cisa
Euclidean domain with the function v: Z[w]— N defined, for any a + b w in Z[w],
by v(a + bw) =a*—ab + b
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