
Problems 07
Due꞉ Thursday, 30 October 2025 before 23꞉59 ET

1. For any field 𝐾, let 𝐾((𝑥)) be ring of formal Ⅼaurent series with coefficients in 𝐾:

𝐾((𝑥))∶= {
∞
∑
𝑖=𝑚

𝑎𝑖𝑥𝑖
|
|
|
𝑎𝑖 ∈ 𝐾,𝑚 ∈ ℤ}

where the ring operations are defined as in the ring of formal power series𝐾[[𝑥]].
Prove that the commutative ring 𝐾((𝑥)) is isomorphic to the fields of fractions for
the domain 𝐾[[𝑥]].

2. Ⅼet 𝑅 be a commutative ring. Ⅽonsider the derivative operator 𝐷∶ 𝑅[𝑥] → 𝑅[𝑥]
defined, for any polynomial 𝑓∶= 𝑎𝑛 𝑥𝑛 + 𝑎𝑛−1 𝑥𝑛−1 +⋯+ 𝑎1 𝑥 + 𝑎0 in 𝑅[𝑥], by

𝐷(𝑓)∶= (𝑛𝑎𝑛) 𝑥𝑛−1 + ((𝑛 − 1) 𝑎𝑛−1) 𝑥𝑛−2 +⋯+ 𝑎1 .
i. Prove that the operator𝐷 is an 𝑅‑linear map: for any 𝑟 and 𝑠 in the coefficient
ring 𝑅, and any 𝑓 and 𝑔 in the polynomial ring 𝑅[𝑥], we have

𝐷(𝑟𝑓 + 𝑠𝑔) = 𝑟𝐷(𝑓) + 𝑠𝐷(𝑔) .
ii. Prove that the operator𝐷 satisfies the Ⅼeibniz product rule: for any 𝑓 and 𝑔 in
the polynomial ring 𝑅[𝑥], we have

𝐷(𝑓𝑔) = 𝐷(𝑓) 𝑔 + 𝑓𝐷(𝑔) .
iii. Ⅼet 𝑓 be a polynomial in 𝑅[𝑥]. Assume that 𝑧 in 𝑅 is root of 𝑓 having multi‑
plicity𝑚 with𝑚 ⩾ 1. Prove that 𝑧 is also a root of the derivative 𝐷(𝑓) having
multiplicity at least𝑚− 1. Ⅿoreover, when the product𝑚1𝑅 is invertible in 𝑅,
prove that 𝑧 is a root of the derivative𝐷(𝑓) having multiplicity𝑚− 1.

3. Ⅼet𝜔∶= 1
2(−1+√3 i) inℂ be one of the complex roots of the polynomial 𝑥2+𝑥+1

in ℂ[𝑥]. Prove that the commutative domain ℤ[𝜔]∶= {𝑎 + 𝑏𝜔 || 𝑎, 𝑏 ∈ ℤ} ⊂ ℂ is a
Euclidean domain with the function 𝜈∶ ℤ[𝜔]→ℕ defined, for any 𝑎+𝑏𝜔 inℤ[𝜔],
by 𝜈(𝑎 + 𝑏𝜔) = 𝑎2 − 𝑎𝑏 + 𝑏2.
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