Problems 11

Due: Thursday, 27 November 2025 before 23:59 ET

1. Let K be a field and let U, V, and W be K-vector spaces. Consider K-linear maps
@: U - Vandy: V — W. The map ¢ has finite index if both of the K-modules
Ker(¢) and Coker(¢) are finite-dimensional. The index of ¢ is

ind(¢p) := dim Ker(¢) — dim Coker(¢p).

i. Prove that U decomposes into a direct sum of Ker(¢) and two K-modules U’
and U” such that Ker(y o ¢) = Ker(¢) @ U’ and Im(®) o ¢) = 9p(¢(U")).

ii. Prove that if two of the three K-linear maps ¢, ¥, and ¥ o ¢ are of finite index,
then so is the third and ind(¥ o ¢) = ind(p) + ind(Y).

2. Let [F; be a finite field with g elements.
i. For any nonnegative integer n, count the elements in the [F;-vector space ﬂ:; .
ii. Let GL(n, [F;) be the group of all invertible (n X n)-matrices over the field [,.
Determine the order of the group GL(n, [,).
iii. Let SL(n, [F,) denote the subgroup of GL(n, [F,) consisting of matrices having
determinant 1. Find the order of the group SL(n, [,,).

3. Let R := Z/{30). Show that in the matrix

6 10 15
1015 6

the rows are linearly independent, but any two columns are linearly dependent.

] € Mat(2,3,R),
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